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Instationary Stokes problem with pressure boundary condition
in L?-spaces

HIND AL BABA, CHERIF AMROUCHE AND NOUR SELOULA

Abstract. In this paper, we prove the analyticity of the semi-group generated by the Stokes operator with
a boundary condition involving the pressure. This allows us to obtain weak and strong solutions for the
time-dependent Stokes problem with the corresponding boundary condition.

1. Introduction

We consider in a bounded cylindrical domain € x (0, T') the instationary Stokes
problem
W Au+Vr=f dvu=0 inQx(©07),

u(0) =up in Q.

Problem (1.1) has often been studied with Dirichlet boundary condition # = 0 on I'.
However, in some real-life situations it is natural to prescribe the value of the pressure
at least on some part of the boundary, and this can arise in case of pipelines, blood
vessels and different hydraulic systems involving pumps. The well-posedness of the
incompressible Stokes and Navier—Stokes equations with appropriate non-standard
boundary conditions is a challenging problem, from both the theoretical and numer-
ical point of view. It should be mentioned that there is no physical justification for
prescribing only a pressure boundary condition on the boundary and it must be com-
pleted by adding some boundary condition involving the velocity. For example, we
can consider the tangential part of the velocity on the boundary at the same time

(1.1)

uxn=0, 7=0 on I'x (0, T). (1.2)

The Stokes problem (1.1) with the boundary condition (1.2) has been studied in
several papers. Conca et al. studied in [11,12] the stationary Stokes and Navier—
Stokes systems, with boundary conditions involving the pressure in a bounded three-
dimensional domain and got existence and uniqueness results. Precisely, the boundary
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conditions are assumed to be of three different types: the velocity is given in a portion
of the boundary; the pressure and the tangential component of the velocity are given on
a second part of the boundary; the normal component of the velocity and the tangential
component of the vorticity are given on the remaining part of the boundary. Gresho
[15] gave an overview of the state of the art in the nineties concerning the Stokes
and Navier—Stokes problem subject to several boundary conditions for the velocity,
pressure and vorticity. He also discussed time-dependent flows and gave methods for
starting these flows in the context of numerical simulations. Gresho and Sanin [16]
studied the standard pressure Poisson equation (PPE) equipped with a Neumann pres-
sure boundary condition derived from the momentum equation in the normal direction.
They formulated a hypothesis that the Navier—Stokes problem and the (PPE) would
be equivalent. Pressure boundary conditions were also discussed in [18], where the
authors Heywood et al. reviewed the mathematical formulations for unbounded do-
mains for a class of problems that involve the prescription of pressure drops or net flux
conditions. Emphasis was placed on the advantage of pressure boundary conditions
for modeling and numerical simulations. Kéhne [19] proved the maximal L? regular-
ity of the solutions to the Stokes and Navier—Stokes equations endowed with energy
preserving boundary conditions. The prove is done using some results on the L” the-
ory for elliptic and parabolic problems. In [21], Lukaszewicz considered the initial
Navier—Stokes problem in a class of space—time domains where a dynamic pressure
is given on a part of the boundary and proved the existence of weak solutions. An
incompressible Newtonian fluid in a finite number of pipes with impermeable walls is
considered in [22]. Marusi¢ [23] studied the non-stationary Navier—Stokes problem in
a bounded domain of R? where the boundary condition (1.2) is considered in a part of
the boundary and proved the local existence and uniqueness of weak solutions. More
recently, Bothe et al. [10] studied the incompressible Stokes and Navier—Stokes prob-
lems with a large class of non-standard boundary conditions; some of them were the
boundary condition (1.2) and inhomogeneous pressure boundary conditions. They in-
troduced first the concept of energy preserving boundary conditions. They established
then an L”-theory for the Stokes system under each of these boundary conditions and
applied their results to the Navier—Stokes problem. Their results are not limited to the
three space dimensions.

In this paper, we consider the linearized time-dependent Stokes problem (1.1) with
the boundary condition (1.2). Our study of this problem is based on the semi-group
theory. For this reason, we consider the complex resolvent of the Stokes operator with
this boundary condition

[Au—Au +Vr=f, divu=0 in Q,
(1.3)
uxn=>0, 7=0 onlI.

Due to boundary conditions (1.2), the pressure equation is decoupled from the solution
of the velocity components. Indeed taking the divergence of the first equation in (1.1),
the pressure is a solution of a Dirichlet problem. Assuming that div f = 0, 7 is equal
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to zero and we are reduced to study the following heat problem:

W pAu=f. divu=0 inQx (7).
uxn=0 on I x(0,T), (1.4

u(0) =up in Q.

The organization of the paper is as follows. In Sect. 2, we introduce most of the
notations used in this work and collect some preliminary results. Section 3 deals with
the analyticity of the semi-group generated by the Stokes operator with the pressure
boundary condition (1.2). We study in Sect. 4 the existence of weak and strong solutions
(u, m) of the time-dependent homogeneous Stokes problem (1.1)—(1.2). Finally in
“Appendix,” we prove the existence of a trace operator in a subspace of W17 () to
be determined.

2. Notations and preliminary results

In this section, we give some notations and basic definitions and collect several
known results which are going to be useful for us in the sequel.

In what follows, if we do not state otherwise, 2 will be considered as an open
bounded domain of R3 of class C>!. In some situation, we suppose that 2 is of class
C"! in the case where the regularity C'-! is sufficient for the proof. A unit normal
vector to the boundary can be defined almost everywhere, and it will be denoted by n.
The generic point in 2 is denoted by x = (x1, x2, x3).

We do not assume that the boundary I' is connected and we denote by I';, 0 <
i < I, the connected component of I, I'g being the boundary of the only unbounded
connected component of R3\€2. We also fix a smooth open set ¥ with a connected
boundary (a ball, for instance), such that Q is contained in ¥, and we denote by Q;,
0 <i < I, the connected component of ﬁ\ﬁ with boundary I'; (I'o U 99 fori = 0).

Finally, vector fields, matrix fields and their corresponding spaces defined on 2 will
be denoted by bold character. The functions treated here are complex-valued functions.
We will use also the symbol o to represent a set of divergence free functions.

Now, we introduce some function spaces. First, we denote by D(£2) the set of infin-
itely differentiable functions with compact support in €2 and by D(£2) the restriction
to  of infinitely differentiable functions with compact support in R3. We denote also
by L?(2) the usual vector-valued L?”-space over Q2. For any 1 < p < 0o, we define
the space:

L2(Q) = {ve LP(Q); dive = 0 in @},

which is a closed subspace of L”(S2) equipped with the norm of L”(£2). We also
consider the space

H?(curl, Q) = {v € L?(Q); curlv € L?(Q)},
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equipped with the graph norm. We know that (cf. [8, Section 2] and [5, Proposi-
tion 2.3]), forevery 1 < p < oo, D(R) is dense in H” (curl, Q) and for any function
v € H”(curl, Q) the tangential boundary value v x n|r of v exists and belongs to
W—1/P-P(I"). More precisely, for all function v in H?” (curl, Q) has a tangential trace
v x nin W=7 P(I") defined by:

Vo e Wl”’,(Q), (vxn, )r = /

curlv-gdx —/v-curladx
Q

Q

with (., .)r the anti-duality between W~!/7-7(I") and W1/P> p/(F). We consider sim-
ilarly the space

HP(div, Q) = {v e LP(Q); dive e LP(Q)),

equipped with the graph norm. For every 1 < p < oo, D(Q) is dense in H? (div, )
(cf. [8, Section 2] and [5, Proposition 2.3]). Furthermore, for any function v in
H’ (div, 2) the normal trace v - n|r exists and belongs to w—1/p.P(I"). Moreover, we
have:

Voe W' (Q), (von o) = / v-gradgdx + /(divv)@dx,
Q Q

where (., .)r is the anti-duality between between w—Yp-P(T')y and W1/P- P/(l").
As described in [8, Section 2], the adherence of D(2) in H? (curl, ) and H? (div,
) is, respectively, equal to

H{(curl, Q) = {v € H”(curl,Q); vxn = 0onT},
H{(div,Q) = {v € H’(div,Q); v-n = 0onT}.

Next we consider the subspaces
X2 (Q) = {v e HY (curl, Q); divv e LP(Q)}

and
X}, @ = {ve x{(@: dve=0in Q. @1

which are Banach spaces for the graph norm of X Z (£2). Thanks to [8, Theorem 3.2],
since 2 is in particular of class C!*!, the space X 1;] (£2) is continuously embedded in
w!r(Q) and

Vv e XZ(Q), ||v||X§J(Q) = ”v”leP(Q)'

The dual spaces [H{ (curl, )] and [H (div, Q)] of H{j (curl, ) and H{ (div, ),
respectively, can be characterized as follows (cf. [25, Proposition 1.0.5, Proposi-
tion 1.0.6]): A distribution f belongs to [H g (curl, )] if and only if there exist
functions ¥ € L (Q) and & € L” (), such that f = ¥ + curl&. Moreover, one
has

1 g ooy =, _ Jnf - max (¥l ) 18] )
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Similarly, a distribution f belongs to [H g (div, )1 if and only if there exist ¥ €
L7 (Q) and X € L' () such that f =v¥ + grad x and

”f”[Hg(div,Q)]’ = f=1//i—ri}fgradxmaX(kuLp/(Q)’ Xl e )

Finally, we define also the space
K%(Q) ={veLl(Q); curly=0inQ and vxn=0onT} 2.2)

Thanks to [5, Proposition 3.18] and to [8, Corollary 4.2] we know that the space
K Z(Q) is independent of p, is of finite dimension and is spanned by the functions
Vql.N, i=1,...,1, where qiN is the unique solution in Wz’p(Q) of the problem

-A¢V =0 ingQ,

qiN|r0 =0 and qiN|rk =constant, 1 <k <1,

(Ona), ), =8k, 1 <k=<1 and (g, 1), =~1

0

In the rest of this section, we will give some definitions and preliminary results
which are essential in our work. First, we recall that (see, e.g., [8, Lemma 5.2] and [2,
Corollary 2.2.13] ) for any vector v in Wl‘p(Q) such that div v in W17 (Q) one has:

0 _1
dive = divr v, + 2Kv-n + a—” n in WrP(T), 2.3)
n

where K = %Zﬁ:l g—:’ - 7j denotes the mean curvature and divr is the surface
e
divergence.
We recall also the following lemma that plays an important role in the proof of the
resolvent estimates in L? theory (see [3, Lemma 2.4] for the proof):

LEMMA 2.1. Suppose that Q2 is of class C'' and let u € WP (Q) such that
Au € LP (). Then, for all p > 2 one has:

-2 2
—/ ulP 2 Au-wdx = / ul? 2| Val dx + 472 /\vw”\ dx
Q Q p Q

3
+(p—2)i§/ﬁ|u|p4 Re (g—; -ﬁ)lm (37’: -E)dx _ <aa_: |u|P*2u>F,

where (., )r is the anti-duality between W='/P-P(I") and W'/P-P'(T").

Now we want to define the Stokes operator with the boundary conditions described
above in the context of L”-spaces, | < p < oo.Letu € L% () be fixed and consider
the mapping

Apju: W—C

v—>—/u-A5dx,
Q
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where )
W=X (@nW>P(Q).

(We recall that X, () is given by (2.1).) It is clear that A, € L(LE(R), W'). Let
u € LY () and suppose that Apu € L2 (), using de Rham’s Lemma there exists
7 € WP (Q)/R such that

Apu+ Au=Vr in Q.

Notice that the pressure 7 is in W=LP () (the dual of W(;’p/(SZ) ) and satisfies Awr =
0in 2. We know that (see [20, Theorem 6.5] for p = 2 and “Appendix” below for
p # 2) the trace value 7|1 is well defined and belongs to w—1=1/P.P(T"). This means
thatif 7 = Oon I, 7 = 0in Q and Apu = —Au in Q. Next, observe that since
Au = —Apu, then thanks to [8, Theorem 5.4], we know that u x n|r € w—1/p.p(T).
Moreover, if we suppose thatu x n = 0 on I', then u € L? (€2) is a solution of the
problem
—Au = Apu, divu =0 in ,
[ uxn=0 on I.

Thus, using the regularity result in [8, Corollary 5.4] we deduce that u € WP ()
since € is of class C21.

Then, the operator A, : D(A,) C L5 () —> L5 () is a linear operator that can
be characterized as follows

D(A,) = {u e W2P(Q): divu=0inQ, uxn=0, on r}. 2.4)
Moreover,
VuecD(Ay), Apu = —Au in Q. 2.5)

In the rest of this paper, we consider the Stokes operator A, defined in L(Q). The
following proposition shows the density of the domain of the Stokes operator.

PROPOSITION 2.2. The domain D(A ) defined in (2.4) is dense in L2(Q).

Proof. First observe that since D(R2) is dense in L”(2), then the space
{ue W>P(Q); uxn=0on r}

is dense in L?(Q). Let u € LY (Q) and let (uy)ren be a sequence in Wz’p(Q) such
that for all k in N, we have uy x n = 0 on I" and the sequence (u)gen converges to u in
L7 (£2). Now, for all k in N, we consider the unique solution x; € W3 P ()N Wol’p ()
of the Problem

Axy =divur in Q and x, =0 on T.

(see [14, Theorem 9.15 page 241, Theorem 9.19 page 243] and [17, Theorem 2.4.2.7
page 126, Theorem 2.5.1.1 page 128] for the regularity of solutions to elliptic prob-
lems).
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The unique solution yxj satisfies the estimate
Vke N, lxlwir = Cldivuklly-1r )

for some constant C > 0. Observe that since (divuy)gen converges to zero in
W=LP(Q), then (xi)ken converges to zero in W7 (Q). Finally, for all k € N,
we set

@ = ug — grady.

We can easily verify that for every k € N, ¢, € Wz”’(Q), divg, = 0 in €,
¢, x n =0 on I and that the sequence (@ )ken converges to u in L7 ().
This ends the proof. 0

The following proposition gives the closedness of the Stokes operator.
PROPOSITION 2.3. The operator A, is a closed operator.

Proof. Let (ur)ken be a sequence in D(A ) that converges to a function u in L?(2)
and (Aug)ren converges to a function y in L?(€2). Then, (div uy)ren converges to
divue in W—LP(Q) and since for all k € N, divug = 0 in €2, then diva = 0 in Q.
Moreover, (Auy)ieN converges to Au in W_2’p(§2) and (Auy)ren converges to y in
L? () (in particular in W=2P(Q)). Thus, y = Au and Au € L?(R2).

On the other hand, since u € L?(Q2) and Au € LP(2), then using [7, Lemma 4]
we obtain that ur is well defined in W_l/p’p(F) and (ur)reN converges to u|r in
W—1/P-P(T"). In addition, (uy - n)x converges to u - n in W1/P-P(I"). As a result,
(up x n)peN converges to u X n in w—1/P-P(I"). Since forall k € N, u; x n = 0 on
I'ythenu xn = O0onT.

It remains to prove that u € W27 (). To this end, we show that y = Au satisfy
the compatibility condition

Voe KD(Q)., (y.v) 0. (2.6)

LP(Q)xLP () =
For all k£ in N and for all v in KZ(Q), we have

(Auy , v) curl curl u; , v)

LP(Q)xLP (Q) — —( LP(Q)xL" (Q)

= / curlug - curlvdx + (v x n, curlug)r
Q

=0. 2.7
Finally since (Auy)gen convergesto y = Au in L?($2), one has for every v in K‘X,/ (RQ)

lim (Awuyg, v) 0.

V) @y @) = M LP@xL? (@) =

In other words, y belongs to L”(€2) and satisfy the compatibility condition (2.6); then,
using [8, Corollary 5.4] we deduce that the function u belongs to W7 (2) since 2 is
of class to C>'. All in all u belongs to D(A,)and y = Au, which ends the proof. [
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We end this section with some relevant properties of sectorial operators very useful
in our work. Let X be a Banach space and A : D(A) C X — X a closed linear
densely defined operator, where D(.A) equipped with the graph norm forms a Banach
space. We consider also the sector

Yo = {AG(C*; | arg A| <rr—9},

where 0 < 0 < /2 and C* = C\{0} with C denotes the set of all complex numbers.
Thanks to the work of Engel and Nagel [13, Chapter 2, page 96, Definition 4.1], we
know that a linear densely defined operator A is sectorial if there exists a constant
M > 0 and an angle 0 < 0 < /2 such that

VAeZo IRG. Aloao < T 2.8)
where R(A, A) = (A1 — A)~!. In other words, the resolvent of a sectorial operator
contains a sector Xy for some 0 < 6 < 7/2 and for every A € Xy one has estimate
(2.8). Moreover, we know that ( see [13, Chapter 2, Theorem 4.6, page 101]) an
operator A generates a bounded analytic semi-group if and only if A is sectorial in
the previous sense. Using the work of Yosida [26], one can verify that the previous
definition of a sectorial operator is equivalent to the one stated in the book of Barbu [9,
Chapter 1, Theorem 3.2, page 30]. According to Barbu, a closed linear densely defined
operator A is sectorial if its resolvent set contains the half plane {A € C*; Re X > 0},
such that

M
VieC*, Rer>0, IR, Alcix) < Tk

We note that Engel and Nagel pointed out in [13, Comment 4.11, page 107] that the
density of the domain of A is not needed. They also mentioned that a non-densely de-
fined sectorial operator generates an analytic semi-group without the strong continuity
property.

It is also important to know that the closedness property is deduced directly from
the sectorial property of the operator. This is due to the fact that an operator with
non-empty resolvent set p (A) is closed.

3. Analyticity results

In this section, we prove the analyticity of the Stokes semi-group with normal
and pressure boundary conditions on the spaces L% (Q) and [H g / (curl, €)1, for all
1 < p < oo. For this reason, we will study the following complex resolvent problem:
Find u € WP (Q) solution to

[Au—Au:f, divu =0 in Q, 3.1

uxn=0 onT,

if fe [H{)” (curl, Q)] (respectively u € W>P(Q) if f € L5 (Q)).
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REMARK 3.1. (i) At first glance, one may think that Problem (3.1) is under-
determined since we have a boundary condition involving only the tangential compo-
nent of # on I and we don’t impose any further condition on the normal component.
In reality, the condition diva = 0 in €2 gives us an additional information on some
components of # and g—:. In fact, it can be seen formally that using (2.3) one has the
additional boundary condition

d
2Ku-n + —u-n=0 on I,
on
1 1
in the sense of W™ 7"P(I") (or in W'~ 7"P(I")). So that under some regularity as-
sumptions on # we can prove that Problem (3.1) is equivalent to the problem: Find
u € WHP(Q) solution to

cu—Au=f in ,
uxn=>0 on I
Ku-n—i-g—z-n:O on I'.

(ii) Notice that Problem (3.1) is also equivalent to the following problem: Find u €
W17 (Q) solution to

[Au—Au:f in Q, (32)

uxn=0, diviu=0 on T.

Indeed, let u € W7 (Q) be the unique solution of Problem (3.2) and set x = divu,
the condition div f = 0 in  implies that

Ax—Ax =0 in £,
x=0 on T.

Thus, divae = x = 0 in Q. Note that the method used in [10, Section 3.2] and
[19, Section 4.5] leads also to the perception that the divergence constraint should be
prescribed in the boundary of the domain and not in the interior.

(iii) Usually when we impose, the constraint divae = 0 in 2 appears a gradient of
pressure in Problem (3.1). However as described in the previous section, due to the
boundary conditions (1.2) the pressure can be decoupled from the system (1.3) by
solving the following Dirichlet problem

Amx =divf inQ and w =0onT. 3.3)

Observe that if divf = 0 in 2, the pressure 7 is zero. For this reason, the work is
reduced to study the Problem (3.1) which is a resolvent problem for the Laplacian
with f € LE (). Then, for a function f € L” () we recover the pressure by solving
the Dirichlet Problem (3.3).

In what follows, we will use the following formula of the vector-valued Laplace
operator of a vector field v = (vy, v2, v3):

Av = grad (divv) — curl curl .
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The following theorem gives the solution of the resolvent Problem (3.1) in an L?
context as well as a resolvent estimate. Before we state our theorem, we recall the
following lemma.

LEMMA 3.2. Let ¢ € 10, [ be fixed and let 3 be the sector
Y = {A eC*; Jargh| <7 —s}.

There exists a constant C; > 0 such that for every positive real numbers a and b one
has:
Vie X, |ra+ bl>C.(JAla + b).

Now we can state and prove our theorem.

THEOREM 3.3. Let ¢ € 10, [ be fixed and ) € X, and let f € [H(z)(curl, Q1.
The Problem (3.1) has a unique solution u € H'(S2). Moreover, if f € Lg (R2), then
u € H*(Q), and it satisfies the estimates:

C
)l 2 < ﬁnfny(m, (3.4)
Ce
||c“rlu||L2(Q) = ﬁ”f”[}(gzy (3.5
and C@Q. 0 6)
, Ay E
”u”HZ(Q) = T ”f”LZ(Q)ﬂ (3.6)

for some constant Co > 0 and C(2, 1, e) = C(Q2)(Ce + 1)(1 + |A]).

Proof. The proof is done in three steps:
(i) Variational formulation: Consider the variational problem: Find u € X %, - (82)

Ve Xy, (), am,v)=(f. v, (3.7

where
a(u,v) :k/ uol_)dx—i—/ curlu - curl vdx
Q Q
and

(v da=¢(, ~>[Hg(curl,sz)]'ng(curl,Q)-

Using Lemma 3.2, we can easily verify that a is a continuous coercive sesqui-linear
form on X %V.U(Q). Thus, due to Lax—Milgram Lemma Problem (3.7) has a unique
solutionu € X %\, . (§2) since the right-hand side belongs to the anti-dual (X %v - ().
(ii) Equivalent problem: Problem (3.7) can be extended to any test function v €
X%,(Q). Indeed, letv € X%,(Q) and consider the unique solution x € HZ(Q)(\HO1 ()
of the problem

Ax =divv in Q, x =0 on I
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Setting ¢ = v — grad x, we can easily verify that ¢ € L?(Q),dive = 0in Q,
curlv = curlg € LZ(Q) and g xn=0o0nT (e, @ € X%,’U(SZ)). Observe that
grad x belongs to H(z)(curl, ), and using the density of D(2) in HO1 (2) we can
easily verify that (f , grad x)q = 0. As aresult

(f.ve=(f,90a

We recall that (., .)o = (., .)[H%(curl’m]/ng(curLQ).
On the other hand since dive = 0 in €2, we can easily verify that

/u~5dx =/u-¢dx.
Q Q

As a consequence, we obtain a(u, v) = a(u, @), and then, Problem (3.7) is equivalent
to the problem: Find u € X%\,‘g (2) such that for all v € X%V(Q)

A/u~5dx+/curlu-curlﬁdx = (f,v)q. 3.8)
Q Q

Next, we can easily check that Problem (3.1) is equivalent to Problem (3.8), and
thus, Problem (3.1) has a unique solution u € H LQ).
(iii) Regularity and estimates: Let f € Lg(Q), using the regularity result in [8,
Corollary 5.4] we deduce that u € H?() since  is of class C>!. Let us prove
estimates (3.4)—(3.6). Multiplying the first equation of system (3.1) by u, integrating
both sides one gets

A/ |u|2dx+/ lcurl u|?dx :/f-ﬁdx.
Q Q Q

Using Lemma 3.2, since A € X, there exists a constant C. = 1/C, such that

Ml g, + lleurlulyy o < Colallulys g + lleurluly, o |
<c! / f -ﬁdx‘
Q
=< Cé ||f||L2(Q)||u||L2(Q)~
Thus, one has estimate (3.4). In addition, it is clear that
2 , CZ o2
||curlu||L2(Q) = G lflzgllull2g = m ||f||Lz(Q)-

Thus, one has estimate (3.5).
It remains to prove estimate (3.6), to this end observe that

||Au||L2(Q) <If _)\u”l}(g) = (Cé +D ||f||L2(Q)~

Now, since ||"||H2(§z) ~ ||u||L2(Q) + IIAulle(Q) estimate (3.6) follows directly. [
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Using Theorem 3.3, we have the following result
COROLLARY 3.4. The operator — Ay generates a bounded analytic semi-group
on L2(Q).

The following theorem extends Theorem 3.3 to every 1 < p < oo.

THEOREM 3.5. Let A € X, | < p < oo and let f € [Hé’/(curl, Q). The
Problem (3.1) has a unique solution u € WP (Q). Moreover, if f € LY(Q), then
ue W>P(Q).

Proof. As in the proof of Theorem 3.3, we can easily verify that Problem (3.1) is
equivalent to the variational problem: Findu € X Z,U (2) such thatforallv € X ]’i, (2)

A/u~5dx+/curlu-curlt7dx = /f-vdx.
Q Q Q

The proof is done in three steps:
(i) Case 2 < p < 6. Since [H} (curl, )] < [H}(curl, )], then Problem (3.1)
has a unique solution u € H 1(Q). Next, we write Problem (3.1) in the form:

—Au=F, divu=0 inQ2 and u xn=0 onT, 3.9)
where F = f — A u. Observe that for p < 6 we have:
HY (curl, @) — L”(Q) — LY5(Q).

Using the embedding H! () — L6(S2), we obtain that u € [Hg, (curl, )]/, and
thus, F € (H]
(curl, ©)]/.. Next, we can verify that F satisfies the compatibility condition:

Vo e KL (Q), (F u)q =0,

where K ]’z,/ (2) is defined in (2.2). Applying [8, Proposition 5.1], we deduce that the
solution u belongs to Wl’p(Q).

(ii) Case p > 6. Since f € [HL (curl, Q)] < [HS”(curl, Q)] then Problem
(3.1) has a unique solution u € WO (Q) — L>®(Q). Proceeding in the same way as
above, we get that u € Wh7(Q).

(iii) Case p < 2. As described above, for p > 2 the operator A/ + A, is an iso-
morphism from X Z »(82) to (X [1z/, o (2))'. Then, the adjoint operator which is equal to
A+ A’p is an isomorphism from XZ:U(Q) to (XZ’U(Q))’ for p’ < 2. This means
that the operator A/ + A, is an isomorphism for p < 2, which ends the proof.
Notice that the operator A1 + A, € £(XZ’U (), (XJI:,/’U (2))") is defined by: for all

¢ € X5 (). forall § € X%, ()

(A + Ape, E)(XK//,U(Q))’XXX//,U(Q) = )\/Q(pfdx + /chrl(p~curl§dx.
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Finally, if f € L?(R2), due to [8, Corollary 5.4], the solution u belongs to W 2p ()
since € is of class C 21 (). O

Now, we want to prove a resolvent estimate similar to the estimate (3.4) for any
1 < p < oco. We begin with the case where the mean curvature K defined in (2.3) is
positive.

PROPOSITION 3.6. Let » € C* such that Re A > 0, let 1 < p < oo, f € LE(Q)
and let u € W>P(Q) be the unique solution of Problem (3.1). Suppose, moreover,
that the mean curvature K is positive. Then, u satisfies the estimate

C
L flr @), (3.10)

lullpr@ =<

where C,, = \/p?/4 + 1.

Proof. Suppose that p > 2. Thanks to Lemma 2.1, multiplying the first equation of
Problem (3.1) by |u|”~? % and integrating both sides we get

-2
x/ u|? dx +/ P2 [VulPdx + 425 /|V|u|p/2|2dx

Q Q P Q

3
ou u u
—7)i p—4 (_.— (_.— _ (2= p=2

+(p 2)l]§/Q|u| Re ot u)Im ™ u)dx (an,|u| ”)r

— / lulP™2 f -idx, (3.11)
Q

where the duality on I is

(' ) '>F = < ) '>W*l/p,p(r)xwl/p,p’(l—*y
Since divu = Oandu x n = Oon ', using (2.3) we have

ou
—-n=—2Ku-n onT.
on

Using the fact that u - n belongs to W!~1/7-P(I"), we can write:

du u
- p—2 — . p—2 .
(5 lul ">F‘<(an n)n ul" =2 @ n)n>F

_ _o(0u —
_/F|u|1’ (a—n-n)(u-n)da (.12)

and

0 _
(—u-n>(u~n) — 2K|u-n? = —2K |u. (.13)
on
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Now putting together (3.11)—(3.13), we get

-2
)\/ u|? dx +/ P2 | VuPdx + 42 5 /|V|u|f’/2|2dx
Q Q Q

p
3 ou ou
+(p-2)i Z/ |u|P*4Re(—-ﬁ)Im(—.ﬁ)dx+ 2/ KuPdo
= /e Xy X r
=/ lu|P~2 f - adx.
Q
As a result,
-2
(Re,\)/ u|? dx +/ P2 | VuPdx + 42 < /|V|u|1’/2|2dx
Q Q )4 Q
+2/ Ku?do = Re/ lul?~2 f - adx. (3.14)
r Q
Next, since K > 0, an easy computations shows
ReMlullpr < I fllLr @ (3.15)
and
_ -1
/Qlul” 2IVulPdx < (1 fllLr@lel]s g, (3.16)
Moreover,
3 ou u
Imk/ P dx + (p—2) Z/ )P~ Re (—.ﬁ)lm (—~ﬁ)dx
Q = Ja GRY: Xk
=Im/ uP~2 f-adx. (3.17)
Q

Then, putting together (3.16) and (3.17), we get

P
ImA[|lwllrr@) < 5||f||L1’(sz)- (3.18)

Finally, putting together (3.15) and (3.18), we obtain

2
p
APllalgr g < (T + 1) 11700
which is estimate (3.10). By duality, we obtain this estimate for 1 < p < oo. 0

Now if the mean curvature is arbitrary, then we have the following result

THEOREM 3.7. Let A € C* such that Rehr > 0,let1 < p < o0, f € L2 (Q)
and let u € W>P(Q) be the unique solution of Problem (3.1). Then, u satisfies the
estimates

€12, p)
%nfnmm, (3.19)

k2(82, p)
_ 3.20
T I fllLr (3.20)

lullLr) <

leurlul|zrq) <
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and
14 A

|A]

lullyrg < K3(2, p) 1l @) (3.21)

Proof. (i) Estimate (3.19). Proceeding in the same way as in the proof of Proposition
3.6 and using (3.14), we have

—2
Rek/ |u|de+/|u|P—2|Vu|2dx+4p > /lVIuI”/zlzdx
Q Q V4 Q

= —2/ K |ul?do + Re/ w2 f - adx.
r Q

Because € is of class C%!, the curvature K belongs to W!-°°(I") and then

-2
Rek||u||ip(9) + /Q |u|l’—2|Vu|2dx + 4pp2 /Q|V|u|l’/2|2dx

—1
< C](Q)/ lul? do + ||f||L1’(S2)||u||€p(Q)-
r

In addition, using (3.17) we obtain

_ p—2
ALl ) +/|u|" 2IVulPdx + 4 = /|V|u|”/2|2dx
Q Q

p—2 _ -1
< 5= / P2 |V u? dx + 20(9)/ ul”do + 211 f Lol o).
Q r
(3.22)

Next, we recall that (see [17, Chapter 1, Theorem 1.5.1.10])

Ve >0, /|u|”da < 5/ IV ulP?>dx + cg/ lu|” dx. (3.23)
r Q Q

As a result, substituting in (3.22) we obtain

_ p—2
Al g +/Q|u|” 2IVulPdx + 4 > /Q|V|u|”/2|2dx

)
< P== / |u|p_2|Vu|2dx+2C1(Q)[s/ IV P22 dx + C8/ |u|”dx]
2 Ja Q Q
—1
+20f e @ el q)- (3.24)

We chose ¢ > 0 such that e C{(R2) = pp_—22. As a result, the constant C, in (3.24)
depends on p and 2. Then, by setting C; = C>(£2, p) one has

_ p—2
|A|||u||ip(m+/|u|l’ 2IVulPdx +2 > /|V|u|l’/2|2dx
Q Q

p -2 — 1
< C3(Q, p) lul}p g +T/ ulP2ValP dx + 2101 fllee@ el g,
Q
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where
C3(2, p) =2C1(2)C2(K2, p). (3.25)

We define
o =2C3(82, p)
Step 1. Case |A| > Xg.
AL 2 g2 p—2 22
= llull + [ ulP"|Vultdx + 2 /IVIuI”/I dx
2 @ g p* Ja

P—2 — —1
< T/Q |2Vl dx + 20 fllr ] g,

We distinguish three different cases of values of p:
Firstif 2 < p < 4, then we can write:

A
2

-1
<2 ”f”LP(Q)”uHZP(Q)'

4—p _ p—2
||u||zp(9)+ T/Q|u|p 2|Vu|2dx + 2 7 /Q|V|u|1’/2|2dx

Thus,

4
lullzr@ < i Il fllLr o), (3.26)

which is the required estimate.

Second if p > 4, then we write our problem in the form (3.9). Thanks to [8,
Proposition 5.1], we know that

1
lw=> w-n ),V lyisg < IS — Aullps g,
i=1

Thus, using (3.26) with p = 4 and substituting in the last inequality, we obtain

1
lullyrag < 1D (-n D, VaNlyiag +5C @0 flsq).  (G27)
i=1

Moreover, thanks to [8] we have

C4(2) C4(82)

u-n, 1)r;| < C4(82) ||u||L4(Q) =< T ||f||L4(Q) =< 0

1f 1l -
As a result substituting this in (3.27), we get
Il < Cs( £l L4 q)-
Now, since WH4(Q) < L®(Q) we get directly

lullLr@) < Co(2, p) I fliLr(o)- (3.28)
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Next observe that

—1 -1
”u”ip(g) = ”u”LP(Q)”uHiﬁ(Q) < C7(2, P fllLr o llul iﬂ(g)~

Thus, proceeding exactly as above one has

Red ()], +/ P2\ Vul>dx + [>dx
< (C3(82, p)Cs(2) + 1) ||f||LP(sz)||u||Lp(Q)
and
ImA|lullpr@) < Co(, p) I fllLr)-
Thus,
Ci0(£2, p)
lelLr@ < W 1 fllLr ), (3.29)

with some constant Co(£2, p) > 0 independent of A and f, which ends the case
p > 4. Finally, putting together (3.26) and (3.29), we obtain estimate (3.19) for all
p > 2 with

k1(82, p) = max(4, C1o(£2, p)).

Third, by duality, estimate (3.19) holds for all p < 2.
Step 2. Case 0 < |A| < Ag. We know that

1) = Cr@ (Il + leurlulls )

Using (3.4) and (3.5) with ¢ = /2, we obtain

1+ |2
”u”Hl(Q) < Cp)——— e ”f”L2(Q)’

Next, since |A| < Ao, we obtain:

C13(€2)
”u”H'(Q) < — 0 i ”f”Lz(Q)y

where
C13(2) = vV C12(2)(1 + Ap). (3.30)

‘We have two different cases:
if 2 < p < 6, then using that HY(Q) — L7 (2), we have

Ci5(82, p)

£l (B3
A ne

lullr@) < Ca(2, p)lullgq) <

Next if p > 6, then proceeding exactly in the same way as in Step 1 (case p > 4)

we obtain
C16(2, p)

1 fllLr - (3.32)
W ()

lullr@) <



H. AL BABA ET AL. J. Evol. Equ.

(ii) Estimate (3.20). Let u € D(A ) be the unique solution of Problem (3.1) and set

I
Zu n, erql.
i=1

Observe that (u - n, 1)r, = 0,1 < i < I. Thus, using [8, Corollary 5.4] we know
that ||ﬁ||wz,p(9) >~ ||Au| prq). Using the Gagliardo—Nirenberg inequality (cf. [1,
Chapter IV, Theorem 4.14, Theorem 4.17]), we have

- ~ 12 ~.1/2
leurl@|l o) < C(Q. p) |AT] ;o Il g
Then

~ ~n1/2 ~n1/2 1/2 ~n1/2
leurlu|| L) = lleurl @l o) < | AT 5 g 1T 5 gy = IAuI g 17l -

Moreover, thanks to [8] we know that

lzllr < CQ, p) llullLr -

As a consequence,
1/2 1/2
LP(Q) ”u”LP(Q)

1/2 1/2
= C@Q. ) If — ol e,
c(Q. p)

= —F— IfllLr@),

and thus, we deduce estimate (3.20).

(iii) Estimate (3.21). Since €2 is of class C*!, on the domain D(A p) the norm of
W2P(Q) is equivalent to the graph norm of the Stokes operator. As a result, estimate
(3.21) holds. O

lcurlullzrq) < C(2, p) [|Aul|

The above results allow us to deduce the following:

THEOREM 3.8. The operator —A, defined in the previous section generates a
bounded analytic semi-group on LE(Q) forall 1 < p < oc.

REMARK 3.9. Kohne considered in [19, Chapter 3] the Stokes operator subject to
the pressure boundary condition (1.2) in a bounded domain €2 with a boundary I" of
class C3. He proved [19, Proposition 3.40, Proposition 3.42] that for all 1 < p < oo
with p # % and p # 3, and under some compatibility conditions, the Stokes operator
with pressure boundary conditions is a closed densely defined operator. He also proved
[19, Corollary 3.44] using L? theory of abstract parabolic evolution equation that under
the previous assumptions the Stokes operator with pressure boundary conditions has
the property of maximal L? regularity on finite time interval. Kéhne deduced from this
maximal L? regularity that the Stokes operator is sectorial and generates a bounded
analytic semi-group.
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The analyticity on L2 () allows us to obtain strong solutions to the Problem (1.1)—
(1.2). In order to obtain weak solutions, we shall study the resolvent of the Stokes
operator on [H{ (curl, Q)1,.

THEOREM 3.10. Let & € C* such that Re ). > O and let f € [HY, (curl, Q)] with
1 < p < oco. The Problem (1.3) has a unique solution (u, w) € Wl’p(Q) X Wol’p(SZ)
satisfying
_ Cc(,p

# @y S 1 Nt curt 7 (333)

Jull
for some constant C(S2, p) > 0 independent of ). and f.

Proof. (i) For the existence of solutions for Problem (1.3), we proceed in the same
way as in Theorem 3.3, Theorem 3.5 and the proof of [8, Theorem 4.10].
(i1) To prove estimate (3.33), we proceed as follows: Consider the problem:

[Av—Av —VO=F, divv=0 in 9,

vxn=0, 0=0 on T, (3.3

where F € H g / (curl, ) and A € C* such that Re A > 0.1t is clear that 6 is a solution
of following Dirichlet problem:

—Af0 =divF inQ and 6 =0 onT.

Then, 6 belongs to Wol’p / (£2) and satisfies the estimate

/
161y 1 < CP)IF g

Moreover, by moving V6 in problem (3.34) to the right-hand side and using Theorem
3.7, we deduce that the Problem (3.34) has a unique solutionv € W 2.p (R2) satisfying

the estimate:
C(,p)

”v”Ll’/(Q) S T ”F”LP/(Q) (335)

Applying the curl operator to the first equation of (3.34), we obtain that z = curl v is
solution of the following problem:

M—Az=curl F, divz=0 in Q,
z-n=0, curlzxn=0 onTl.

Using the result of [4, Theorems 4.10-4.11], we deduce that z belongs to W2’p/(§2)
and satisfies the estimate:

C(, p"

”z”Lp’(Q) = T ||Clll'lF||L,,/(Q). (336)

Combining (3.35) and (3.36), we deduce that

C(Q,p') F
H(’;,(curl,Q) - [A] I ”Hg,(curl.ﬂ)'

[vll
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Now let (u, ) € WI‘P(Q) X Wol‘p(Q) be the solution of Problem (1.3), then

[(u, F)al
IE| HY (curl, )
{u, v —Av — V)|
IEl HY (curl, @)
[(Au — Au — Vr, v)g|

IE] HY (curl,)

[(f . val
£

[[ae]] = sup

(H] (curl, )V ,
FeH? (curl,Q), F#0

= sup
FeH! (curl,Q), F£0

= sup
FeH] (curl,Q), F£0

= sup
FeH] (curl, ), F£0

c,p
CE- 2Dy

N (H! (curl,2)]”

H (curl,Q)
0 £

IA

which is estimate (3.33). O

Now we define the operator B, as the extension of the Stokes operator A, to the
space [Hg (curl, Q)] by:

B, : D(B,) C [HL (curl, )1, —> [H! (curl, Q)1,
and
Yue€D(By), Bpu=—Au in Q. (3.37)

The domain of B, is given by

D(B,) = {u e W'"P(Q); Auc[H] (curl, @), diva=0in 2,
uxn=0onT}. (338

The domain D(B),) is dense in [Hg, (curl, )]/, and the proof is done in two steps.
PROPOSITION 3.11. The space Dy (Q) is dense in [Hg’ (curl, Q)]..

Proof. Let f € [Hg/(curl, Q)1,, ¥ € LP(Q) and & € LP(Q) such that f =
¥ + curlé. Using the density of D, () in L () (see [7]) and the fact that div f =
divy = 0 in 2, we know that there exists a sequence (Yx)ren in Dy () such that
the sequence (¥ )ken converges to ¥ in L”(€2). On the other hand, there exists a
sequence (&x)ren in D(2) such that (§;)ren converges to & in L7 (S2). Thus, the
sequence (curl &, )ren converges to curl § in [H g/ (curl, Q)]". Now, for all k € N we
set fr = ¥, +curl§,. Itisclear that (f;)reN is a sequence in D, (€) and (f1)keN
converges to f in [Hg, (curl, Q). O

COROLLARY 3.12. The domain D(B)) of the operator B, defined by (3.38) is
dense in [H{(curl, Q)] .
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Proof. Observe that D(A,) C D(B)) C LY (Q), where D(A)) is given by (2.4). The
desired result is obtained using the density of D(A,) in L2 (§2) which is proved in
Proposition 2.2 and using Proposition 3.11 which gives us that LY (Q) is dense in
[H! (curl, Q)],. 0

Notice that Theorem 3.10 allows us to deduce the following theorem.

THEOREM 3.13. The operator — B, generates a bounded analytic semi-group on
[H] (curl, Q)1 forall 1 < p < cc.
REMARK 3.14. (i) We can consider the Stokes problem with adding the flux through
the connected components I';:
(w-n, )r, =0, 1<i<IL (3.39)
The associated Stokes operator A/p which is the restriction of A, to the space X,
defined by
X, ={feLl(Q): YVve Kl (Q), /Qf.vdx=0}, (3.40)

is a well-defined operator with dense domain
DA) ={ueD(@,); @-n, l)r,=0, 1<i<I}

and generates a bounded analytic semi-group on X, for 1 < p < oo. In addition,
thanks to [8] we know that the operator A;, is invertible with bounded inverse (i.e.,
0e ,o(A’p)), this is very important in the sequel and gives us an exponential decay
of the solution of the Stokes Problem (1.4) when ug € X, and f = 0. Notice that,
obviously, A, coincides with A;, in the case where I' is connected.

ii) We can also consider the space

Y, = {f e [H (curl, Q)1,: Vv e KL(Q), (f. v)q = 0}.

We can also verify that the operator B;) which is the restriction of B, to the space Y ,,
is a well-defined operator of dense domain

D(B),) ={u€D(By); (u-n, ), =0, 1<i<I}

and generates a bounded analytic semi-groupon Y, for 1 < p < oo.

4. The time-dependent homogeneous Stokes problem

In this section, we solve the time-dependent homogeneous Stokes Problem (1.1)
with the boundary condition (1.2) using the semi-group theory. As described in (2.5),
due to the boundary conditions (1.2) the Stokes operator coincides with the —A op-
erator with the corresponding boundary conditions and our work is reduced to study
the Problem (1.4).



H. AL BABA ET AL. J. Evol. Equ.

4.1. Weak solutions

As in the case of the heat equation, the following theorem shows that the solution
of Problem (1.4) with f = 0 is regular for + > 0. Moreover, it allows us to describe
the decay in time of this solutions. The proof of the following theorem is a direct
application of the analyticity of the Stokes operator with pressure boundary conditions
proved in the previous section.

THEOREM 4.1. Let 1 < p < oo and suppose that uy € LY () and f = 0. Then,
Problem (1.4) has a unique solution u(t) satisfying

u € C([0, +oof, LE(2)) N C(10, +o0[, D(A,)) N ' (0, +ool, L2(Q)),
u e ckqo, +ool, D(Af,)), VkeN, Ve N*.

Moreover, we have the estimates

le)llLr@ < CE2, p) luollLr @ 4.1
and
H du(r) - C(2, p) ol
—_— —— ||u .
ot lLr) — t OlLP()

In addition, if Q is of class C*! the following estimates hold

C(Q,
leurlu | Lr) < % luollLr oy 4.2)
and :
@l < €. p) 1+ 1) lwollLre. 4.3)

In the following theorem, we consider a particular case, where the initial data u
belongs to X, [see (3.40)]. This leads to an exponential decay of the solution u with
respect to time. As described in Remark 3.14, on the space X, the Stokes operator
with normal and pressure boundary conditions is invertible with bounded inverse
and generates a bounded analytic semi-group. Thus, using the result of Pazy [24,
Chapter 4, Theorem 4.3] we obtain the following theorem.

THEOREM 4.2. Suppose that ug € X, with 1 < p < oo and f = 0. Then,
Problem (1.4) has a unique solution u satisfying

u € C([0, +oo[, X,) N C(0, +oo[, D(A})) N C' (10, +o0l, X ).
u € C*(0, +ool, D(AY)), Vk, LeN.

Moreover, there exist constants M, u > 0 such that the solution u satisfies the esti-
mates:

lu@lLr@ < MC(2, p)e ™ luolLr
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and
7/Ll

< MC(Q,
Lo (€2, p)

lwollLr ()

H du(t)
at

In addition, if Q is of class C* the following estimates hold

—ut

e
leurlul|zr@) < M C(R, p) — NG llwollLr ()

and
7/’“«‘

la)llyoriqy < CQ p) — luollr -

The following theorem gives weak solution for problem (1.4).
THEOREM 4.3. Let 1 < p < oo, ug € LY(Q) and let f = 0. Then, the unique
solution u of Problem (1.4) satisfies:

0 ,
ue L0, Ty, WhP(Q)), 8—‘; € L90, T; [HY (curlQ)])), (4.4)

withl <q <2and 0 < T < oo and some constant C independent of T

Proof. Thanks to [8] we know that
@) llyro gy = 180 Loy + leurlu() o q).

Since u satisfies (4.1)—(4.2), the solution u clearly belongs to € L4(0, Tp; Wl’p(Q))
foralll < g <2and 0 < T < oo. To prove that %—'; =Auell0,T,; [Hg (curl,
2)71), we set

1

() =u() — Y (u)-n, lrgradg,.

i=1
Applying [8, Corollary 4.4], we have

1880 ey = AT gty = W lwingey < Cllallyingay.
this end the proof. 0
4.2. Strong solutions

THEOREM 4.4. Suppose that 1 < p < oo and uq € X‘;,,J(Q) (given by (2.1))
and f = 0. The unique solution u(t) of Problem (1.4) satisfies in particular

9
ueL90,T; W>P(Q)) and 3—': € L9(0, T; LP(Q)), (4.5)

withl < q <2and T < oco. Moreover, the following estimate holds

C
. 4.6
L1’(Q) \/;”u()”WLP(Q) (4.6)



H. AL BABA ET AL. J. Evol. Equ.

Proof. Letug € X g ~(§2) and let u(z) be the unique solution of Problem (1.4). Set
z = curlu(r), we can verify that z(¢) is a solution of the problem

& —Az=0,divz=0 in Qx(0,7),
z-n=0, curlz xn=0 onl x (0,7), “4.7)

z(0) = curluy in Q.

Thanks to [3] we know that the Stokes operator associated with Problem (4.7) generates
a bounded analytic semigroup on the space of divergence free functions whose normal
components vanishes on I" and that

C, p)

leurlz|lpr@) < —F—— llzollLr()-
(€2) «/; (€2)

This means that
H ou C(2, p)
ot

= [[AullpLrq) < 7 ol y.r -

LP(Q)

Thus, %—l; satisfies estimate (4.6) and ‘;—‘t' € L9(0, T; LE(Q)) forall 1 < g <2and
for all T < oo. Finally using that lu@®llw2r ) = lu@®llLr@) + 1Au@® Ly (@),

(4.5) follows directly. Il

Appendix

In this appendix, we prove the existence of a trace operator for a subspace of
W~LP(Q) to be determined. This result was proved in [20, Theorem 6.5, Chapter 2]
for p = 2.

To this end, we introduce the space:

My(R) = {v e WP (Q); Ave W*2+1/P’P(sz)},
which is a reflexive Banach space for the norm
lvllm, @) = llvllw-1.r@) + 1AVIIw—2+1/p.p(q)-

LEMMA 4.5. Let Q be a bounded open set of R® of class C>'. The space D(Q) is
dense in M, (2).

Proof. Let £ be a continuous linear form in M, (£2) (ie., £ € (MP(Q))/). Then, there

exists a pair (f, g) € Wol’p/(SZ) X Wg

M, (£2) we have

~1/PP (@), such that for every function v in

L,v)y=(f,v) + (Av, g) (4.8)

Wo ' (@)% wlr (@) W @pwg @)
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Thanks to the Hahn—Banach theorem, it suffices to show that any ¢ which vanishes on
D(Q) is actually zero on M, (2). Let us suppose that £ = 0 on D(Q), thus on D(R).
Then, we can deduce from (4.8) that

f+Ag=0 inQ,

and hence, we have Ag € Wol’p/(Q), and then g € W37 (Q)N Wé‘”P’P’(Q). Let

fe WP (RV) and g€ Wz_%’ r (RV) be, respectively, the extensions by 0 of f and
g to RN From (4.8), we get f+Ag=0inRY, and thus Ag € Wl’p/(]RN). Now,
according to the properties for A in RV (see [6]), we can deduce that § € w3 P (RM).
Since g is an extension by 0, it follows that g € Wg’ p/(Q). Then, by density of D(2)

in Wg’p,(Q), there exists a sequence (@) C D(L2) such that ¢ — g in w3 P/(Q).
Thus, for any v € M, (£2), we have

(g, U> = —/QU . Agd.x + <AU, g>W_2+1/p'p(Q)Xngl/P-p/(Q)

)

k— 00

= llm (—/Q v - A(Bk d.x + (AU, wk)W72+1/p1p(9)XWg—l/Pvp/(Q)
=0,
i.e. £ is identically zero. g

To study the traces of functions which belong to M, (£2), we have the following
lemma.

LEMMA 4.6. Let Q be a bounded open set of R3 of class C*'. The linear mapping
Y0 : v —> v|r defined on D(Q) can be extended to a linear continuous mapping

Wi My(Q) — wi=Vrr(),
Moreover, we have the Green formula:

Yo e My(Q), Yoe WhP (@ nwh (),
/QvAgo dx — (Av, (,0)W,2+1/p.p(g)Xwg—l/p,p’m)

= <v, —> . 4.9)
on W=2+1/p" (T x W2=1/P". P/ (T)

Proof. Letv € D(Q) and ¢ € W37 (Q) N Wé’ p/(SZ), then formula (4.9) obviously

holds. Next observe that, for every u € wl+1/p. p/(F), there exists a function ¢ €
’ / ‘ 2

w3 P Q)N Wol’ P (€2) such that g—,"; = ponI and gTﬁ = 0 on I". Moreover, we have

||(P||W3p’(9) < C ||M||Wl+l/p,p’(r)~

Consequently,

| <U’ M)W*lfl/p.p(r)xwl+l/p,p’(r) | < C ”v”Mp(Q) ”H/”W1+1/p,p/(l")~
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Thus,

lvllw-1-1/p.pry = C VM, ()-

We can deduce that the linear mapping y is continuous for the norm of M, ().
Since D(Q) is dense in M ,(2), y can be extended by continuity to y € £ (M,,(Q);
W~1=1/r-P(I")) and formula (4.9) holds for all v € M, () and ¢ € w3 (@) N

Wy (). O
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