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ABSTRACT. We consider the Navier-Stokes equations with pressure boundary
conditions in the case of a bounded open set, connected of class C 11 of R3. We
prove existence of solution by using a fixed point theorem over the type-Oseen
problem. This result was studied in [5] in the Hilbertian case. In our study we
give the LP-theory for 1 < p < co.

1. Introduction. Let Q be a bounded open set, connected of class C ! of R? with
boundary I'. Let I';, 0 <4 < I, denote the connected components of the boundary
', Ty being the boundary of the only unbounded connected component of R3 \ €.
We do not assume that {2 is simply-connected but we suppose that there exist J
connected open surfaces ¥;, 1 < 7 < J, called ’cuts’, contained in {2, such that each
surface ¥; is an open subset of a smooth manifold. The boundary of each ¥; is
contained in I'. The intersection ¥; N X is empty for ¢ # j, and finally the open
set Q° =0\ U;-]:le is simply-connected.
We are interested to the study of solutions to the Navier-Stokes equations:

—-Au+u-Vu+Vr=f in Q,
divu =y in Q, (1)
uxn=g and T=mg on I,
Jpu-ndoe=0,i=1,...,1I.
This type of boundary conditions appears in a large number of physical situations, as
for instance in case od pipelines, blood vessels, different hydraulic systems involving
pumps. Our goal here is to prove the existence of weak solutions for small data in
LP-theory with 1 < p < co. The existence of solutions in H'(€Q) x L*(f2) can be
directly obtained by the Lax-Milgram Lemma, without suppose the regularity of 2.
We can next, obtain weak solutions in W P(Q) x L?(Q) for 3 < p < 3 by using
the fixed point technique over the type-Oseen equations. For a future work, the
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study of these last equations will be very useful for a more complete analysis of the

Navier-Stokes equations, particularly for the existence of very weak solutions.
Before stating our results, we introduce some functions spaces. Let L”(Q) denotes

the usual vector-valued LP —space over 2, 1 < p < co. Let us define the spaces:

HP?(curl,Q) = {v € LP(Q); curl v € LP(Q)},

with the norm

1
[0l eurry = (1017 o gy + lleurl o]17 )

H?(div,Q) = {v € LP(Q); div v € LP(Q)},
with the norm

1
P

[0l @i = (1901500 + l1div ol17, )

and X P(Q) = H?(curl, Q)N H ?(div, ), equipped with the graph norm. As in the

case of Hilbert spaces, we can prove that D(2) is dense in H P (curl, Q), H P(div, Q)
and X P(2). We also define the subspaces:

Hl(curl,Q) ={v e HP(curl,Q); v x n =0o0nT},
H[(div,Q) ={ve HP(div,Q); v-n=0o0nT},
XR(Q)={veX?P(Q;vxn=0onT}, X2(Q) ={ve XP(Q);v-n=00onT}
and X[ (Q2) = X5 (Q) N X2(Q). We introduce the spaces

HX(Q) ={ve H'(Q); dive =0inQ}.

Li(Q) ={v e L*(Q); dive =0in}.

We note that the space D, (€2) is dense in L () (see [2, Lemma 7]).
Finally, we define the space

K5 (Q)={ve (), divv=0, curlv =0in Q and wvxn=0onl}

which is of finite dimension and is spanned by the functions VgV, i = 1..., I, where
¢ is the unique solution in W 2P (Q) of the problem

—AgN =0 in Q,
@¥lr, =0 and ¢V|r, = constant, 1 <k <1, (2)

(0n g, 1>Fk =0k, 1<k<I, and (9,q", 1>r0 =1

The work is organised as follows: in the next section, we present some preliminary
results including the study of the existence of solution for the Stokes problem when
the pressure and the tangential velocity are given on the boundary. In Section 3,
we extend previous results for the Oseen problem inorder to obtain in Section 4 the
result for the Navier-Stokes equations using a fixed point technique.
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2. The Stokes problem. We first recall some results on the following Stokes
problem

—Au+Vr=f and divu =0 in{,
uxn=gxn and w=m onl, (3)
(w-mn, )p, =0, 1<i<I,
that we can find in [3]. The first two points of the following Theorem concerns the
existence of weak and strong solutions for the problem (3) when the data satisfy

some compatibilty condition. In the third point, we treat the case where the pressure
given by the previous points is equal to zero.

Theorem 2.1.
i) Let f, g, mo with
fe [H (curl, Q)), gxne WYPP(D), my e Wi—1/P2(D), (4)
satisfying the compatibility condition:
V’UGKJZ\);(Q), (f, v>Q—/7r0'v~nds:O, (5)
r
where (-,-)q = <'7'>[H§’(cur1 Q) xHY (curl )" Then, the Stokes problem (3) has a

unique solution (u, 7) € WYP(Q) x W LP(Q) satisfying the estimate

lullwir) + 17 lw i) SC(HfH[Hg'(curLQ)], + llgxnllwi-vper) +
+  |mollw lfl/p.p(r‘)).

i1) Moreover, if Q is of class C*1, f€ LP() and gx n € W2_1/”’p(F), then the
solution (u, m) belongs to WP (Q) x WHP(Q) and satisfies the estimate:
| ullwzr) + |7 llw o) SC (| Fllr @) + lg X nllwe—1/m00) + [170llw 1=1700(r)) -
i1) Moreover, if divf=01in Q, mo =0 and gx n=0 on T, then 7 = 0.

The folowing lemma gives some properties of normal traces of curlv for some
functions v.

Lemma 2.2. For any v € H?(curl; ), we have the relation:

curlv- n = divp(v x n) in the sense of W ~Y/PP(T), (6)

where divy is the tangential divergence. If moreover, v x n € W2"YPP(T), then
curlv-n € W'=VPP(T) with the estimate:

[eurlv - nlly -1/ @y < Cllo X 0l yo1/mp ).

The above relation (5) is a necessary condition for the existence of solution for
the Stokes problem (3). Now, our goal is to see what happens precisely, when the
data do not satisfy the compatibility condition (5).

As will appear, the answer strongly depends on the following variant of the Stokes
problem (S ) : Find functions u, 7w and constants ¢; for i = 1,..., I, such that:

—Au+Vr=f and divu =0 inQ,

, UXN=gXn onl,

(Sw) _ _ ;
m=m9 only and w7 =my+¢ onl, 1<i<]I
(w-n, Dy, =0, 1<i<I,
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situation that we can be found also in the paper [5]. We recall the following result
proved in [3].

Theorem 2.3. Let f, g and my such that
fe[HY (curl, Q)), gxne WV/PPT), mye Wi-Ver(D),
Then, the problem (Sy) has a unique solution u € WhP(Q), 7 € WLP(Q) and
constants c1, ..., cy satisfying the estimate:
el w e Hiellw ) < OO g e,y 190l w27y H ol 1701
and where c1,...,cy are given by
¢i =(f, Vg )a—(m0, Vg - m)r (7)

(the brackets on Q2 are the duality product between [Hé’/(curl, 2)) and Hé’l (curl, 2)).
Moreover, if Q is of class C2', f e LP(Q) and g x n € W2 YPP(T), then u €
W2P(Q).

Remark 1. Observe that if we suppose that the compatibility condition (5) is

verified, we obtain ¢; = 0 for all i = 1,...,I. Then, we are reduced to solve the
problem (S’y) without the constant ¢; and (S’y) is anything other than (Sy).

The assumption on f in Theorem 2.3 can be weakened by considering the space
defined for all 1 < r, p < oc:
H; "(curl, Q) ={p € L"(Q); curlyp € L’(Q), ¢ x n =0onl},
which is a Banach space for the norm

el 77 (curt, @) = lellzr @) + lcurle|zr o).

The proof of the following lemma is similar to that of ([2, Lemma 8]), although
the functional spaces are changed.

Lemma 2.4. The space D() is dense in H " (curl, Q)

Proof. In a first step, we consider that (2 is strictely star-shaped with respect to one
of its points which is taken as the origin. Then, for any ¢ € H ?(curl, Q), we take
@ its extension by zero to R®. Thus, @ € L"(R3) and as curl = curlp € L(R?),
then @ € H; P(curl, R?). For 6 < 1, we define the functions:

po(x) = @(%), for a.e ¢ € R®.

Since supp @, C 0Q C €, the function p, has a compact support in 2. Moreover,
$p € H P (curl, R?) and

lim @y = @ in H{P(curl, R?).
0—1

The result is then proved by regularization. Let p € D(R3?), be a smooth C*

function with compact support, such that p > 0, fR3 p(x)de = 1. For e > 0, let

p- denote the function z — (%)p(£). As e — 0, p. converges in the distribution

sence to the Dirac distribution. As a consequence, p. * @y|q belongs to D(€2) and
lim lim p. * @y = @ in H{?(curl, R?).

e—=00—1
The result follows because ¢ is the limit in H P (curl, ) of the restriction of the

functions pe * @, to Q. In the case where {2 is not star-shaped, we have to recover
Q which is Lipschitz by a finite number of star open sets. O
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The following lemma is classical

Lemma 2.5. Let f € [Hy P (curl, Q). Then, there exist F € L"(Q) and ¥ €
Lp,(Q) such that:

f=F+curly. (8)
Conversely, if f satisfies (8), then fe€ [H; " (curl, Q)]".

Proof. We set E = L"(Q2) x LP(Q) endowed whith the norm
lolle = l[v]lzr@) + [leurl v r (o).

The application T : v € Hy P(curl, Q) — (v, curlv) € E is an isometry from
H[""(curl, ) into E. Hence, with each g € [H; ?(curl, Q)]', we associate the
element g* € (R(T"))" such that

Vo € H0T7p(cur17 Q)a <g7 ’U>[H0T’p(curl,Q)]’><H0T'p(curl,Q) = <g*7 TU>(R(T))’><R(T)~

By the Hahn-Banach Theorem , g* can be extended in Lr,(Q) x LV () to an
element called (F, v»). We deduce that:

Vv € H(;Ayp(curlv Q)a <ga v >[H0r’P(curl,Q)]’XHg"p(curl,Q) = /Q(F’U +¢- CuI‘l’U) de.
So, g is equal to F'+curl in . It is easy to verify that the reciprocal holds. O
Theorem 2.6. We assume that €2 is of class C*'. Let f, g and 7y such that
FelH " (eurl, Q) gxme WTVPRT), m e WD),
with r < p and % < % + % Then, the problem (Sy) has a unique solution u €
Wh2(Q), 7 € W (Q) and constants c1, . .., c; satisfying the estimate:
”uHWl’P(Q) + H7T||W1""(Q) < C(”f”[HJ/’p/(curl, Q) + ”g X nHWl*l/PvP(F) +
+ Almollw 1—1/m(r))7
and c1,...,cr are given by (7), where we replace the duality brackets on Q0 by
< Ea >Q = < A >[H(;'/’pl(curl, Q)}’XHg'/’p/(curl, Q)"

Proof. Due to the characterization (8), we can write f as f = F + curl, where
F € L"(Q) and ¢ € L*(Q). By [3, Proposition 5.1], the following problem:

—Aw =curly and divw =0 in{,
WXN=gxXn onl,
(w-n, 1)p, =0, 1<i<I,
has a unique solution w € W "7 (Q) (note that for any 1 < i < I, (curly, V¢V¥)q =
0). Now, by Theorem 2.3, the following problem
—Az+Vrn=F and divz =0 inQ,
zxn=0 onl,
m=mg only and 7 =my+¢ onl;, 1<4<],
(z-m, L), =0, 1<i<I,
has a unique solution (z, 7, ¢) € W 2"(Q) x W17(Q) x R!, where ¢; is given by
(7). Observe that, since 1 < %—i— 3 W 2T(Q) — W HP(Q). Setting u = w + z,
then (u, 7, ¢) is the unique solution of the problem (S} ). O
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3. The type-Oseen problem. In this section, we are interested to the study of
the following type-Oseen problem:

—Au+curlaxu+Vr=f in €,

divu =0 in Q,
uxn=0 on T, (9)
T="m+ ¢ only;, 1=0,...,1,

friu~nda':07 i=1,...,I

First, we will study the existence of weak solutions (u, 7) € H *(Q) x L?(Q) with
curla € L*?(Q) and f € [HZ(curl, Q)]'. Next, we will give the good conditions to
ensure the existence of strong solutions (u, 7) € W 2?(Q) x W 2(Q) for p > 6/5.
Remark that we can replace in this section the term curl a by a general given vector
d in L3/%().

3.1. Weak solutions in H'(Q) x L?(©2). We introduce the space:

V= {v € HY(Q); divo =0 inQ, vxn=0onT and /

vn =0, 1§i§[}.
r;

Let us give the following lemma concerning a Poincaré type inequality which is
a consequence of [3, Corollary 3.2] (see also [5]).

Lemma 3.1. The space Vi is a Hilbertian space and the semi norm:

v (/chrlv|2)l/2 (10)

is a norm on Vy equivalent to the full norm of H"(S).

Before establishing the result of existence of a weak solution for the problem (9),
we will see in what functional space it is reasonable to find the pressure 7 appearing
in (9), knowing that we are first interesting to velocity fields in w € H*(Q) with
f € L%%(Q). With a such vector u, we have curla x u € L%°(Q) — H ~1(Q).
Since A u € H ~*(Q), we deduce from the first equation in (9) that V7 € H ~1(Q).
According to [1, Proposition 2.10], the pressure 7 belongs to L?(Q). Furtheremore,

—Am=divf —div(curla x u) in ,

so that Am € W _1’6/5(Q). Using the same arguments as in [2, Lemma 2], we
prove that the trace of 7 on T' belongs to H ~*/2(I") so that we must assume that
mo € H~YV2(T).

We have the following result.

Theorem 3.2. Let f€ L%%(Q), o € HY2(T) and a € D'(Q) such that curl a €
L*2(Q). Then, the problem:

Find (u, 7, ¢) € Viy x L*(Q) x R satisfying (9) with (r, 1)p =0 (11)

1s equivalent to the problem: Find uw € V such that

Yve Vy, /cur1u~curl'vd:1:+/
Q

(curlaxu)~v:/f-vdcc—<7r0, v-n)r (12)
Q

Q
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and find constants co, ..., cr satisfying Zf:o cimesT; + (m, 1)r = 0 and such that
foranyi=1,.

i — Co = /f Vqu:c—/(curlaxu)-VqlNdw—OTo,VqZN-n>p. (13)

Proof. i) Let (u, m, ¢) € H'(Q) x L*(Q) x RI*!, with (m, 1) = 0, solution of
the problem (9). It is clear that w € V y and that Zfzo cimesT'; + (mp, 1)r = 0.
Let us check that u satisfies (12). Indeed, multiplying the first equation of (9) by
v € Vy, integrating by parts in {2, we obtain

/(fAquVw)-vda:Jr/(curlaxu)~vdm:/f-vda:, (14)
Q Q Q

where we observe that —A u+ V 7 belongs to L%°(€). But D,(Q) x D(Q) is dense
in the space

M= {(u, 7)€ HXQ) x L*(Q); ~Au+VrmeLY/Q)}

(see [3, Lemma 5.5] for a similar proof) and we have the following Green formula:
For any (u, 7) € M and ¢ € H}(Q) with p x n =0 on I":

/(—Au+V7r)~<,ad:1::/curlu'curlcpd:c—i—(w,Lp'n>p. (15)
Q Q

Taking into account the boundary condition that verify the pressure m on I', we
have:

Vve Vy, (m v-n)r= (m, v n)r, (16)

which implies that w satisfies (12). It remains to prove the relation (13).
Now, let v € H}(Q) with v x n = 0 on I and set

I

vO:v—Z(/v-n)quV. (17)

i=1 7T

Observe that vg belongs to V. Multiplying the first equation of (9) by v, in-
tegrating by parts in Q and using the relation (12) with the test function v, we
obtain

Z/ v-n) /Q<cur1axu>.Vq£Vdm+§</Fiv )/f Vo dz

([ o m((es =)+ (mo. V- mr).

i=1 i

Il
M~|

Testing with v = VqJN, we deduce the required relation (13).

ii) Reciprocally, let u € V y a solution of (12) and ¢y, . .., ¢y constants satisfying the
condition Zf:o cimesT; + (mp, 1) = 0 and (13). To prove the first equation of the
problem (9), we take v € D, (2) as a test function in (12) and we use the De Rham’s
Theorem. Moreover, since Au € H ~'(Q) and curla x u € L%°(Q) — H ~'(Q),
we deduce that Vo € H (). Due to [1], © belongs to L?(Q). Now, applying
divergence operator to the first equations of problem (9), we obtain:

An =divf —div(curla x u) € W=15/5(Q). (18)
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Since m € L?(), we can prove that the trace of m on T' belongs to H ~/2(T") (see
[2]). Then, since 7 is defined up to an additive constant, we can choose this constant
so that (m, 1)r = 0.

It remains to prove the boundary condition on the pressure. Let v € H}(Q)
with v X » = 0 on I'. Multiplying the first equation of (9) by v, integrating by
parts in Q and using the decomposition (17), we obtain as before:

/curlu-curlvodw+/(curlaxu)-vodw—/f-vodw—i—(ﬂ', vg - M)
Q Q

Q
I

(v [(eurtaxu) Varae—3 ([ ven) [ 5 a¥aas

i i=1 L

(/1‘ v-n)(m, Vg n)r. (19)

i

& @_
I M~ i M~
[S Ja

_|_

Particularly, if [, v-n =0 for any i =1,...,I, we deduce from (12) that:

(m, vo - m)r = (7o, vo - M)r. (20)

Using again (12), the decomposition (17) and (20), the relation (19) becomes:

I
. = . . . Ndx —
(m, v-n)r (mo, o n>r+; (/F v-n) /Qf Vg dz

-

v - n)/(curla xu)- VgV de.
=1 Ty Q

I
As a consequence, from the relation (13) and the fact that ) [, v-n = 0 we obtain:
Py

i=
1

<7T’ v- n>F = <7T0, v n>F + Z<Ci7 v- n>Fi = <7T0 +c v n>F7 (21)
=0

with c=c¢; on I'; for any ¢ =0,..., 1.
Finally, let u € H/?(T;) for any fixed j with 1 < j < I and we set

(&%} :/ M.
L
We know that there exists a vector v € H }(2) such that

.
v = pr N on - (22)
a; Vg; onI'—T}.

It is clear that v satisfies: v x n =0 on T and [.v-n = 0. Hence, from (21), we
can write:

(m — 7m0, w)r, + (T — o, qu-n)lﬂ,pj = cj/ [ — Co Oy

Ly
= (¢ —co)ay
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Using again (21) with v =V qjv, we can write:

(m =m0, V) ~n)r_r, = (m—mo, Vg -n)r—(r—m, Vg -n)r,

= ¢j —cy— (m—mp, Vq§V~n>p]..

As a consequence,

(m —mo, v, = aj(m —m0, Vg - n)p, = (/ p)(r —m, Vi - n)r,,
r

J

and then for any 1 < j < I, we deduce that m — my is constant on I';:

’/T—7T0:dj on Fj with dj :<’/T—’/T0, quNnh“] (23)
Next, as above, there exists a vector v € H }(Q) such that
un on Iy,
v = N
Bi V q; on I' — Ty,
with arbitrary fixed j satisfying 1 < j < I and where u € H'/2(TI'g) and
Bi =~ / -
o
With the same arguments we obtain:
m—my=do onlIy with dy = — (7 — 7o, quvﬂn,)p(). (24)
Because (m, 1)r = 0, it is easy to verify the relation:
I
Zdj mes(I';) + (mo, 1)r = 0.
j=0
Using (21) with v = V ¢, we deduce that
dj —do = (7 — 7o, quv-n)p:cj—co.
This finishs the proof, because the system (13) with the condition
I
ZC]‘ mes(I‘j) + <7T(), ]->F =0
j=0
admits a unique solution c. O

Theorem 3.3. Let f € L%°(Q), curla € L*?(Q) and my € H ~Y/2(T), then the
problem (9) has a unique solution (u, 7, ¢) € H"(Q)x L?(Q) xR+ with (r, 1)r = 0
and we have the following estimates:

Hu||H1(Q) < C(||f||L6/5(Q) + ||7T0||H*1/2(F))7 (25)
7/l z2(0) < C (L +lleurla| gs/2 o)) (Il fllzers @) + Imoll -1/2(r)) (26)
where ¢ = (co,...,cr). Moreover, if 7o € W Y/6S/5(T') and Q is C>', then u €

W25/5(Q) and m € WL6/5(Q).
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Proof. i) We suppose that f € L%°(Q), curla € L*?(Q) and 7y € H ~Y/2(I).
We know due to Theorem 3.2 that the problem (9) is equivalent to (12)-(13). Let
a(+,-): VN x Vy — R be the following bilinear continuous form:

Vu,v € Vi, alu,v)= / curlu - curlvde —|—/(cur1a x u)-vde. (27)
Q Q

Using Lemma 3.1 and the fact that for any v € V 5 we have:

/(curlaxv)'v:O,
Q

we deduce that the form a(-,-) is coercive. Hence, by the Lax-Milgram theorem,
problem (9) has a unique solution (u, 7, ¢) € H*(Q) x L?(Q) x RI*! satisfying
the estimate (25). The estimate (26) can be obtained by using the fact that the
pressure 7 verifies:

—Ar=divf+div(curlaxu) inQ and m=mp+¢; onT;, 0<i<T. (28)

ii) Now, we suppose that o € W 1/6.6/5(T). Let (u, 7, ¢) € H*(Q) x L?>() x RI*!
the solution of (9) given by step i). Since the pressure 7 verifies (28), we deduce
directly that = € W %/5(Q). The velocity u is then a solution of the following
problem:

—Au=F and divu=0 in Q,

uxn=>0 on I,

friu~nda':0, i=1,...,1,

with F = f — Vr —curla x u € L%°(Q). We deduce by Theorem 2.1 point (iii)
that u € W 29/5(Q). O

Remark 2. Even if the pressure 7 change in 7 — ¢, the system (9) is equivalent
to the following type-Oseen problem:

—Au+curlaxu+Vr=f and divu=0 in Q,
uxn=>0 on [,
(OSN) .
m=my only, and wm=mg4+a, i=1,...,1, on I';,
Jpu-nde=0,i=1,....1,
where the unknowns constants satisfy for any i =1,...,I:

;= / F-ve)de —/(curla x u)-VgYde — (m, Vg - n)r.
Q Q
But, it is clear that the new pressure 7 does not satisfy the condition (m, 1)pr = 0.

Remark 3. If we suppose that f € [H?(curl, Q)]', curla € L*?(Q) and m €
H~Y2(T), then the problems (11) and (12)-(13) are again equivalent. The proof
is similar to that of Theorem 3.2 with the difference that we use here the duality
brackets between [H " (curl, Q)] and H 7 (curl, Q) in place of the integral on Q

in the right hand side of (12) and the density of D, () x D(2) in the space
M= {(u, 1) € HX(Q) x L*(Q); ~Au+ Ve [H?(curl, Q)'}.

It is easy now to extend Theorem 3.3 to the case where f € [H2?(curl, Q)
the divergence operator does not vanish and the case of nonhomogeneous boundary
conditions.
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Theorem 3.4. Let f € [Hy*(curl, Q)), curla € L32(Q), x € WHO/5(Q), 1 €
H-Y2(T) and g € H1/2(F). Then the problem

—Au+curlaxu+Vr=f and divu=yx in Q,
UXN=gXn on I

I | )
m=m9 only, and w=mg4+a;, i=1,...,1, on I';,

Jpu-nde=0,i=1,...,1I,
has a unique solution (u, 7, o) € H'(Q) x L*(Q) x R wverifying the estimate:
oy < 1 F o nsn ooy + 1ol + (L leurlal gosgay)

x (Il o + 1 g laa) ) (30)

Iz < C(1+ lewrlal gorsqy) (I Fll e et e + Ioll 273y +
+ (14 [[curl a’HL3/2(Q)) X (IIxllw v6/5y + |l g||H1/2(F))>v

where o = (av,...,a5). Moreover, if f € L¥°(Q), mg € WYSE/5(), g €
WT/SS/5(TY) and 0 is 21, then we W>%/°(Q) and 7 € W 16/5(Q).

Proof. i) Let g € H'/?(T"). We know that there exists w € H'() such that w = g
on I' and verifying:

lwllz @) < Cllgllgrz - (31)
Let 6 € H?(Q) the unique solution of the problem:
Af=divw—x inQ and =0 onl, (32)
and we set ug = —V 0 + w. Then uo € H '(R2) and satisfies:
divug=xinQand ugxn=gxnonl,
with
lwollg ) < ClIxllwers) + 19l mzmy)- (33)

We know by Remark 3 that there exists a unique (2, 7, a) € H(Q) x L*(2) x R!
solution of

—Az+curlaxz+Vrn=F; and divz=0 in Q,

zxn=0 . on I, (34)
m=moonly, m=7mm+a, t=1,...,1 on I';,
Jr z-ndo =0,

where Fo = f + Aug — curla X ug. Observe that A uy =V x — curl (curlug) €
[H$*(curl, Q)] which implies that Fo € [H*(curl, Q)]. Moreover, using the
estimate (33), z satisfies the estimate:

IA

12110 C(”fH[H(?’z(curl, p T 7ol zr—1/2(ry + (1 + ||Curla||L3/2(Q)) X

X

(Il o752y + 19l /2y) ) (35)
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In addition, using again (33), the pressure 7 satisfies the estimate:

72 < C(1+ ||curla,||L3/2(Q)) (||f||[H05,2(CHrL oyt (1+ |lcurl a||L3/z(Q)) x
% (Il nesogoy + gl arsvaey) + Imoll -1y ) -

Finally, the pair of functions (u, ) = (2 + ug), 7) is the required solution.

ii) Now, we suppose that f € L5/°(Q), 7y € W1/68/5(T) and g € W 7/5%/5(T).
Let (u, m, a) € H*(Q) x L*(Q) x R! the solution of (29) given by step i). Since
the pressure 7 verifies

—Ar=divf+ Ax—div(curla x u) in Q,

where the right hand side belongs to W_l’ﬁ/s(Q), then 7 € WH%/5(Q). The
velocity w is then a solution of the following problem:

—Au=F and divu=y in Q,
UXM=gXn on I,
Jpu-ndo=0,i=1,...,1,

with F = f =V —curla x u € L%°(Q). We set z = curl w. Then the function z
satisfies: z € L%°(Q), divz =0in Q and curlz = F+V y € L%%(Q). Moreover,
since uxn € W 7/%5/5(T") applying Lemma 2.2 we obtain that z-n € W1/6:6/5(T),
So, from [3], we deduce that z belongs to W %/5(Q) and then w € W 25/°(Q). O

3.2. Strong solutions. In the rest of this paper, we suppose that € is C*!. In
this subsection, we are interested in the study of strong solutions for the system
(OSn). When p < 2, because the embedding W *P(Q) < W P*((2), the term
curla x u € LP(2) and we can use the regularity results on the Stokes problem.
But this is not more the case when p > % and that curl a belongs only to L*/? (Q).
We give in the following theorem the good conditions to ensure the existence of

strong solutions.
Theorem 3.5. Let p > 6/5,
fe LP(Q), mop e WI=VPP(T), curlac L(Q)

with
sféif <§ s=p if >§ 3*§+sif _3
=3 p 9’ =D p 9’ =3 p= 9’
for some arbitrary € > 0. Then, the solution (u, w) given by Theorem 3.3 belongs
to WP(Q) x W P(Q) and satisfies the estimate:

]l wa.r )+ 17w r @) < C(1+[lcurl allgs o)) (1Alzr @) + 17ollw =170y ) - (36)
Proof. We know by Theorem 3.3 that the solution (u, ) belongs to W %/5(Q) x
W L6/5(Q). We set b = curla. Then b € L (). Since the space Dy (1) is dense in
L (Q), there exists a sequence by € D, (2) such that by converges to b in L*(Q) as
A — 0. Therefore, we search for (uy, mx, ax) € W P(Q) x W LP(Q) x R solution

of the problem:
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—Auy+byxuy+Vmy=fFf and divuy=0 in €,
uyxXxn=>0 on I,
(OSN)A Ny
my=m only and my=mo+ai, t=1,...,1, on I';,
friu)\'nda:(),i:17...,],
with ay = (a7,...,a}). Remember that from above we can obtain a unique so-

A

1
lution (uy, 7x) belonging to W 2%/5(Q) x W16/5(Q). Since uy € L°(Q), then
by x uy € L°(Q). Using the Stokes regularity, we deduce that (uy, ) belongs
to W2P(Q) x W'P(Q) if p < 6. Now, we suppose that p > 6. We know that
uy € W2%(Q) and then uy € L®(Q) and by x uy € L>(Q). Again using the
Stokes regularity, we deduce that (uy, 7y) belongs to W () x W 1?(Q). Thus,
we focus on the obtention of a strong estimate for (uy, my) independently from A.
Let € > 0 with 0 < A < ¢/2. We consider:

by =b] + b5, where bizg*ps/g and b} o = by — by, (37)

being b the extension by zero of b to R? and p, /2 the classical mollifier. By regularity
estimates for the Stokes problem, we have

I
lurllwes + Imalw e < CQF L@+ 7ol iy + D 1]+ 110 x walrce))
- (38)
where the constant C' is independent of A. We note that
I
Sledl < C(IF a1+ 1Bal2@y) + Imollz 172y
i=1
< C(IF a1+ leurl all ) + ol -1 (39)

Now, we use the decomposition (37) in order to bound the term [[bx X ux| zr()-
We observe first that

165, 2llzs () < [[bx — b
Recall that

o) T11b— 5*Pe/2||Ls(Q) <A+¢/2<e. (40)

W P(Q) — L™(Q)
With%:%—%ifp<%,foranymzlifp:%andforanyme[l, 0] ifp>%.
Moreover the imbedding

W 2P(Q) — LI(Q)
is compact for any ¢ < mif p < %, for any g € [1, o[ if p = % and for any ¢ € [1, o0
ifp> % Then, using the Holder inequality and the Sobolev imbedding, we obtain

65,2 % uxllze() < 105 2llzs @) llurll = @) < Cellurllw 2p(0), (41)

where % = % — %, which is well defined because the definition of the real number

s. For the second estimate, we consider two cases.
i) Case p < 3/2. Let r € [3, o] such that % =14+ 1land ¢ > 1 such that
1+ % = % + % satisfying:

167 x ux|| o () 163 [ - o [lwal 5 ()

IN A

1] 372 ()12l e ey l[wnll zs () -
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Using the estimate (25), we have

165 % wxllzwe) < Cellbllgoraay (I gy + Imollaraay)-  (42)
Thanks to the following imbeddings
LP(Q) = L5°(Q),  W'"VPP(T) < H YD),
we obtain that
167 X uallze (o) < CellbIILsxz(m(Ilf\lmm + HWOHWkw,pm)- (43)
Using (41) and (43), we deduce from (38) and (39) that

lurllw sy + Imallw 2n@) < C(IFlzv (1 + leurl allgsraey) + Imoll 2 )

(44)
where in this case s = %
ii) Case p > 3/2. We know that for any &’ there exists C > 0 such that
JuallLe (@) <e'[luallwze o) +CollusllLe @)
Moreover, we have
[ox x uxllze (o) < [[baAllzr @) lwallz=(@)- (45)

Thanks to (38), (39) and (25), we deduce the estimate (44) where we replace L*/?(Q)
by LP(£2) because in this case s = p. The estimate (44) is uniform on A, and therefore
we can extract subsequences, that we still call (uy ), (7a)x and (o), such that if
A—0,

uy — u  weakly in W 2P(Q),

and

7y — m  weakly in W P(Q), o) — a; foranyi=1,... 1.
It is easy to verify that (w, 7, «) is solution of the problem (OS ) where a@ =
(a1,...,a5), 7 =m on Iy and m = 7y + a; on I'; for any i = 1,...I. Moreover,
(u, 7) satisfies the estimate (36). O

Remark 4. Observe that to obtain the regularity, the value of p cannot be equal to
3 because of curla € L/2() and thus curl @ x u can not be better than L*~¢(£2)
(e > 0). If we consider the case p = 2 (respectively p > 2), we must suppose that

curla € L7° (Q) for arbitrary € > 0 (respectively curl a € LP(Q)).

We are now interested in the study of generalized solutions of the problem (29)
where u € W'P(Q) for 1 < p < co. As for the case p = 2, we choose f €

[Horl’p,(curl, Q)) with £ = % + %. Observe that the pressure 7 is a solution of:

Ar=divf —div(curla x u) + Ay inQ,

m=mgonly and w=my+ ay on I';.
If u € WP(Q), then u € LP*(Q) with pi* = % — % if p < 3, px arbitrary in [1, oof
if p =3 and px = oo if p > 3. Consequently, if we keep the same hypothesis on
curla € L*?(Q) we have curla x u € LY(Q) with t = rif p < 3, ¢t < r = 3 if
p=3andt = % < r if p > 3. Consequently, if p < 3, we have A7w € W ~17(Q),
so that if 79 € W1=V/""(I), then 7 € W "(Q). But, if p >3, Am ¢ W ~17(Q)
if we suppose only that curl a € L3/ (©). The next theorem gives the existence of
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solution u € W 'P(Q) with p > 2 provided that curla is in a space L*(Q) with s
large enough.

Theorem 3.6. Let p > 2. Let f € [Horl’p/(curl7 Q), x € Wh(Q) and g €
WI=VPP(D). We suppose that 7o € W =Y/""(T') and curla € L*(Q) with 1=
% + % and s satisfies:

3 3
s=35 if 2<p<3, s=§+sifp:3 and s=r if p> 3,

for some arbitrary € > 0. Then the problem (29) has a unique solution (u, 7, &) €
WP (Q) x WLT(Q) x R satisfying the estimate

2
lullwrr) + ITwir@) < C(1+4 |curlallg:(q)) (Hﬂ|[H(;',p'(cur1,Q)]/ +
gl w17y + Imollw sy + Xl 1@ (46)
where & = (g, ..., Q7).
Proof. As for the Stokes problem (S}), where the external forces belong to the dual
space H[ (curl, Q), we can prove that the problem:
—Aug+Vqg=f, divug=yx in Q
Ug XN =g Xn on I, (47)
go=0onTy and qy= 0y only, 1=1,...,1,
Jp uo-ndo=0,i=1,...,1,
with
— N N
@ = <‘f’ ti >[H07J’p/(curl,Q)]’XHJ/‘p,(curl,Q) +/1; XVqZ ",
has a unique solution (ug, o) € W "(Q) x W17 (Q) satisfying the estimate

l[wollw 1.r(0) +lgollw 1 (2) < C(“”[HJ"”’(cur],sz)]/+”gHWl*”W(F)+HX”W1""(Q))'

(48)
Now, observe that with the values chosen for s and 7, since ug € W 1P Q) —
LP*(Q) and curla € L°(2), we can verify that curla x ug € L"(Q). Indeed, if

p<3,thenp—1*:%f%and%+pi*:%. If p = 3, then there exists € > 0 such

that + p—l* = % and if p > 3, then px = oo and r = s. We note also that

3
§+€

with this choice of 7, we have the imbedding W *"(Q) — W 1?(Q) and r > 6/5

because p > 2. Finally, from Theorem 3.5, we deduce the existence of a unique
(z,0) € W2"(Q) x W1 (Q) solution of

—Az+curla x z+VH=—curla X uyg, divz=0 in Q,
zxn=0 on I,
0=m onTy and 0 =my+5; only, i1=1,...,1,

friz-nda:O, i=1,...,1,

with

ﬂiz—/curlax(uo—l—z)-VqZNdm—/WquiN-n.
Q r
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Using (36) we have the estimate

I 2llw2r @) + 10w 1@< C(1+ |lcurl a g+ (q)) (HCUF] a||LS(Q)(||f|\[H(;~/,p/(cml’ QY
gl maey + Il sr@) + molly ot ee) (50)

The pair (u, 7) = (2 + uo, o + 6) € W P(Q) x W(Q) is a solution of (29).
Estimate (46) follows from (50) and (48). O

Now, we will treat the case 3/2 < p < 2 and first we consider the case where:
X =0and g = 0. The case 1 < p < 3/2 can also be treated, but with more technical
difficulties.

We introduce the space:

V(Q) = {(v, ) € WP (Q) x Whr'(Q), dive € W (Q),
— curlaxv+VOe[H P(curl, Q),v xn=0 onT,
/ v-n=0, 1<i<I and § =0 on 'y, € = constant onI‘i}.
I;

Proposition 3.7. We suppose that 3 < p < 2. Let f€ [Hg/’p,(curl, )], curla €
L*(Q) and w9 € W=Y7(T) with

9+ 6e . 3 3p .. 3
= fp=- dr= f - 2 51
r=grg fP=y endr 310 if 5<p<2 (51)
3 . 3 3 .. 3
s-§+51fp—§ ands-§1f§<p<2, (52)

where g, ¢’ > 0 are arbitrary. Then the problems:
Find (u, 7, a) € WP(Q) x WET(Q) x R satisfying (OSy) (53)

and the wvariational formulation: Find (u, 7, o) € WHP(Q) x W17 (Q) x R with
uxn=0onTl and [, u-n=0 such that:

Y(w, 0) € V(Q) and d € R!,
(u, ~Aw—curlax w+Vb)q,.  — [, rdivwde=(f, wa, , — [fTow-n,

Vi=1,...,I, «a; =], V%Nmr/,p/ — Joleurlax u)- VgV dz— [ 7o V) - n.
(54)
are equivalent, where d = (di,..., dr) and where the brackets (-, -)q,. , denotes
the duality [Hé’*’p(curl, Q)] x Hg*’p(curl, Q) and (, )q,, ,, denotes the duality
[Hg/’p/ (curl, Q)] x Hg,’p,(curl, Q).
Proof. i) Let (u, 7, a) € W 'P(Q) x W17 (Q) x R! be a solution of (OSy) and
let (w, §) € V(). By the density of D(£2) in the space Hor/’p/ (curl, Q) and in
Hé’*’p(curl, ), we obtain:

(—Au, w)y, , = /curlu-curl'wdm
P Q

= (u, curlcurlw)q . ,
= (u, —Aw+ Vdivw)g

p*,p”
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Oberve that since Vdivw € LP" (), we have Vdivw € [Hg*’p(curl, Q)]’. More-
over, it is clear that Aw € [H{ "’(curl, )]'. Then, we can write:

(u, ~Aw+ Vdivw)g,. , = (u, —Aw)q . , (55)

because fQ u-Vdivwdz =0 since dive = 0 in © and divw = 0 on I'. Next, as
curla x u+ V7 € [H] 7 (curl, Q)]', then

(curla x u+ Vo, 'w>QT/7p, :/

(curla x u)~wd:l:+/ V- wde,
Q Q

where the integrals are well defined because curl @ € L*(Q) with % + ﬁ + L =1

p
and % + p}* = 1. Next, it is clear that

/(curlaxu)-wdw:—/(curlaxw)-udm.
Q Q

Also, since 7 € W17(Q) and w € HY W )" (div, Q) we have

/VWowda::—/wdivwdw—l—/ww'n. (56)
Q Q r

where H? " ) (div, Q) = {ve Lp/*(Q), dive € L(p*,)*(Q)}. In order to es-

tablish (56), we just check that L + p}* < 1 and we use the density of D(Q)

in HP"> @ )" (div, ) (see [2]). Now, since divu = 0 in Q we have for any 6 €
WP (Q):

Oz—/ 9divudm=/u-V0dm—/0u~ndU.
Q Q r

Here too, the last Green formula is verified. Indeed, since u € W () — LP" (Q)
wich implies that w € H? *P(div, Q). Let us summarize. We have obtained that:

<f7 w>Qr/,p/ = <’U,, —A ’w>QP*,p 7/

Q

+ /W0w~n+/u~vedm7/0u~ndo‘.
r Q r

Using the properties of w and 6, we obtain that (u, 7) satisfies the first equation
in (54). With the same arguments used in Theorem 3.2, we can prove that the
constants «y, for 1 < i < I satisfy the last relation in (54).

ii) Reciprocally, let (u, 7, &) € W MP(Q) x W17 (Q) x R a solution of (54). First
choose w € D() and 6 = 0, then we deduce that

(curl a x w)~udwf/7rdivwda:
Q

—Au+curlaxu+Vr=f in Q.
Next, we choose w = 0 and 6 € D(Q). Then, we obtain that divu = 0 in Q.
We know that v x n = 0 on I' and that fr‘ u - ndo = 0. It remains to prove

the boundary condition given on the pressure 7. Let then w € W P (Q) with
w xn =0 onT and such that divw € W (Q) and let 6 € W 12" (). We obtain
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as previously,

(frwa, , = (u, —Aw)q,. +/(fcurla><w+v9)~udmf
s P P P Q

— /V0~udw7/7rdivwda:+/7rw~n.
Q Q r

But, we can decompose w as
I
w = w—Z(/w-n)quv—l-L (57)
i=1 YT
with z = Zle (fF w- n) V. Setting wg = w — z, then if —curla x wo+V 0 €
[Hé’*’p(curl7 Q)] we obtain:
(f, wo)e,, , +(f. 2)a,, = (u, —Awo—curla xwo+Vba,. (58)

/(curlaxz)-u—/V@-u—/wdivwo
Q Q Q

+ /ﬁwo-n+/7rz-n. (59)
r r

This last relation is valid for z = 0 and we deduce from (54) that:

7/V0~udm+/7rwoonf/7r0'w0~n:0.
Q r r

Choosing § = 0 on I'g and € = constant on I'; for any 1 <14 < I, we obtain

J—_—

Now, we return to the relation (58) and we can write:

/wz'n = (f, 2)a, p,+/(curla><z)~uda:
r ’ Q

= (f, 2)a, ,—/(curlaxu)~zdm.
P Q

So that, using the decomposition (57) and the last relation in (54) we obtain that:

/7rw~n = /7rw0~n+/7rz~n
r r r

= /Wowo'n+<f, z>gr,,,7/(curlaxu)~zdw
r v Q

- Z(/ w~n)/(curlaxu)~VqlNdm. (60)
i=1 /T Q
This implies that

I

/Fww~n = /FWOWO'H-FZ(/.UJ-TL)(/F?TOV%N'n+0li),

i=1 g

Using the decomposition (57), we have
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I
/7701U0~71+Z(/ w-n)/wOVqZN-n:/ﬂo'w-n,
r = NI r r

As a consequence

I
TWwW-n = Tow - N + ai/w-n
| Jorowme e,
= /(Wo-i—C)w-’l’L,
r

with C =0 on 'y and C' = «; on I';. We use exactly the same arguments as in
Theorem 3.2 and we obtain that:

m=mg on g and m =7y + a; on I,

which finishes the proof. 0

Now, we are going to solve the problem (54).

Theorem 3.8. Under the assumptions of Proposition 3.7, the problem (54) has a
unique solution (u, 7, ) satisfying the estimate:

el < OO+ leurl allge o) (1 Fll g o ourt, yy + IT0llwr1-17mry) (61)

7w 1) < C(1+ ||curl af

LS(Q))S(HfH[H[;'/»P/(curl’Q)]/ + ||7T0||W1*1/"'v"'(ﬂ)) (62)

Proof. i) Since p’ > 2, we know due to Theorem 3.6 that for any F belonging to
[Hé’*’p(curl, Q)] and ¢ belonging to Wol’p* (), there exists a unique (w, 6, d) €
WP (Q) x W (Q) x R with divw € W, () such that:

—Aw —curlaxw+VI=F, divw =y in Q,
wxn=0onTl,

=0 onIy and 0=d; onI;, 1<i<I,

Jopw-n=0, 1<i<I,

satisfying the estimate:

2
LS(Q)) (||F||[HDP**p(curl)Q)]/_FHSO”Wl,p*/(Q))7
(64)

||'wHWl,pI(Q)+||9HWlyp*/(Q)SC’(l—Fﬂcurla|
where d = (dy,...,d;) and

d,»:(F,tivm—f—/(curlax'w)~VqlNdzc, 1<i<I.
Q

Remark that we can apply Theorem 3.6 because the real s defined in (52) satisfies
the assumptions of Theoreme 3.6 where however we must replace p by p’. Indeed,
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since p’ > 2, we have s = 2 if 2 < p/ <3, s = 3 4+ ¢ if p’ = 3. Now, using (64) we
obtain:

‘<f7w>9,,./,p/ - / Tow - n‘
T

= ”f”[Hg"’P’(curl, ayllwlw e @) + ”ﬂ—O”Wl*%‘T(F)”w ll Wi ()
2

< C(H'f”[H(]'l’pl(curl,Q)]/ + H7TOHW17%,T(F))(1 + chrlaHLs(Q)) X

X

U g2 eur, o + 1M1 )

In other words, the linear mapping
(FaSD) — <f7 w>wap/ - / Tow - N,
r

defines an element (u, 7) of the dual space of [H? P (curl, Q)] x W,**" () which
means that (u, 7) € Hé’*’p(curl7 Q) x W =P (Q) and satisfies:

(u, F)g,. , — (v, ¢) — (f w)a, , - / row -, (65)

!
W —Lp* (Q)x WP (Q)

with
Il rear o) + 7w -100 (@) < C(1 + [[curl a| g (q))* X
< g sy + IR0l vy (66)
We have then
(u,—Aw —curla xw+Vl)q,. — (rdiv w>W*1«’“(Q)><W01"",(Q) =

= <f7 w>Q,,,/,p/ - /FTrOw 'n (67)

for any (w,0) € W "7 (Q)xW Lp” () with divw € W' (Q) satisfying wxn = 0
onl, [ w-n=0forany1<i<I, —curlaxw+V0e [Hgf*’p(curl7 Q), 6=
0 on Ty and finally # = constant on I';. Then, we have proved that (u, 7) €
Hg*’p(curl, Q) x W =17 (Q) satisfies the first equation in (54)

ii) We prove now that w € W ?(Q), # € W "(Q) and that the second equation
in (54) is verified. We choose w = 0 and 6 € D(2). Then, we obtain dive = 0 in
Q. Since u € HY ?(curl, Q) and divu = 0 in Q, we deduce that w € W ().
The estimate (61) follows from (66). Next, we choose w € D(Q2) and 6 € D(Q), we
obtain

—Au+tcurla xu+Vr=f in . (68)
But curla € L*(Q) and u € LP (Q) with s defined in (52), we have then curl a x
u € L"(Q) with r defined in (51). So, since curlax u+V 7 € [Horl’p/ (curl, Q)] —
W 17 (Q), we have Vo € W =17 (Q) and then also 7 € L (Q). This means in
particular that

(m, div w) mdivw,

W -t (@) x Wi () :/Q
because we have divw € L(p*/)*(ﬂ) = L*(Q) with L+ z% <1.

It remains to show that [, w-nde =0and 7 € W (Q). For the first point,
we choose in (67) w =0 and 6 € wie () with # =0 on I'y and 6 = §;; on I'; for
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any 1 < j < T and fixed i in [1, I]. We deduce from (67) that ‘fFi u-ndo =0 for
any ¢ in [1, I]. For the second point, we know that 7 satisfies
Am =divf —div(curla x u) in Q,
and as in the point 4¢) in the proof of Theorem 3.2, we can prove that 7 verifies the
boundary conditions:
m=my on 'y and T =7+ a; onl}.

Then, using (51) and (52) we can verify that A7 € W =17(Q). So, 7 € WLT(Q)
and satisfies the estimate:

7l w o) < C(H,f||[HJ/,p'(CurLQ)], + ||curl a]

Finally the estimate (62) follows from (69) and (66). O

@ llullze @) + lImolly, 1 1r ))(69)

The next theorem give an extension of the previous one to the case of the problem
(29).

Theorem 3.9. We suppose that p < 2. Let f, x, g, mo and a such that:
fe[H] " (curl, Q), x e W (Q), ge WYPP(T), my € WY/ (D),

and curla € L*(Q) with r and s satisfies (51) and (52). Then the problem (29)
has a unique solution (u, T, a) € WP(Q) x W L7 (Q) x R satisfying the estimates

2
||u||W1,p(Q) < C(l + ||curl q Ls(Q)) ((1 + ||curl a

LS(Q)) (”f” [H"?' (curl, Q)]

+ lgllwi-vrrm) + Ixlw r @) + lImollw 1*1/“‘(1“)) (70)

3
Il wir)y < C(1—|—||curla||Ls(Q)) ((1+chrla|

LS(Q)) (”ﬂ‘ [HT"?' (curl, Q)]

+ gl ey + Il rg@) + 7o w11/ ry) (71)
where a = (1, ..., ay) with
a; = (f, quvmr,yp, +/ (x —m0) V- n—/(curlax n) - Vgl .
r Q

Proof. Let (ug, o) € W MP(Q) x W 17(Q) such that (47) and satisfies the estimate
(48). Next, we consider (z, ) € W P(Q) x W17 (Q) solution of (49). We note
here that we appply Theroem 3.8 because curl a X ug € [Hgl’p/ (curl, Q)]’. Indeed,
using (51) and (52), we have curla x ug € L"(Q) — [Horl’p/(curl, Q)]’. Moreover
using (61), we obtain that z satisfies the estimate:

|z]lwir < C(1+]curlal

2
z¢) (Jlcurla x UOH[HOT/’p/(curl,Q)]/ + Imollw 1-1/m)
2
< C(1+|lcurla|z:)”([lcurl @ x wollgr (o) + lImollw 1-1/r.r(ry)

2
< C(1+|lcurlal|gs)” ([[curl al| s )llwoll wrr o) + 1Tl 1-1/nr).

Using the estimate (48), we deduce that z satisfies:

2
lzlwis) < C(1+lleurlalzeo)” (leurl allz@) (1F g o et

+ llgllw oy + Ixllw @) + Imollwscmem). (72)
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Similarly, using (62) and (48), we obatin the estimate:

[0l wrr) < C(1+]curlal

3
pr@)” (lleurtall e o (1F o (e

+ lglhw oy + Ixllw @) + ol vmey ) (73)
Finally, the pair (u, 7) = (2 + uo, qo + 0) € W "P(Q) x W 7(Q) is a solution of
(29). Estimates (70) and (71) follows from (48), (72) and (73). O

4. The Navier-Stokes problem. As a consequence of the previous study in the
previous sections, we want in this section to study the following Navier-Stokes
equations:

—Au+curlu xu+Vr=f in Q,

divu = x in Q,
(NSnw) uxXn=g onT,
m=m9 onI'; and 7 = my + ¢; only, i=1,...,1,

friu-nda:0, i=1,...,1,

where f,x, g, and my are given functions, ¢; are constants and we will denote by ¢
the vector ¢ = (cq,...,cr).

In the search of a proof of the existence of generalized solution for the Navier-
Stokes equations (NS ), we consider the case of small enough data.

Theorem 4.1. Let f € [HOT,”’/(curl7 Q, x e Wh(Q), ge WVPP(D) ny €
W=Vrr(T) with 3 <p<3 and r= ;’fp.
i) There exists a constant oy > 0 such that, if

1 75 e,y + I + sy + ol 1700y < e,

then, there exists a solution (u, 7, ) € WP(Q)x W L7 (Q)xR! to problem (NS y)
verifying the estimate

”u”Wl’P(Q) < C(||.ﬂ‘[Hg/vp'(cur17Q)]/+||X||W1=T(Q)+”9HWl—l/P=P(F)+||7r0||W1—1/’“’T(F))>
(74)

with ¢; = (f, Vai)a,, ,, + Jr (x —m) Vg - n— [(curlux u) - Vg.

ii) Moreover, there exists a constant as €]0, o] such that this solution is unique, if

171 g ey I @) + gl waos/mny + ol 17y <

Proof. i)Existence: We begin to prove existence of generalized solutions. We want
to apply Banach’s fixed point theorem. The idea is to do this fixed point over the
Oseen problem (29). We are searching for a fixed point for the mapping T,
T: WQ) — W"(Q)
a — u,
where given a € W '?(Q), T a = u is the unique solution of (29), where we replace

a; by ¢;, given by Theorem 3.6 and Theorem 3.9. In order to apply the fixed point
theorem, we have to define a neighborhood B, in the form:

BA:{aE WLp(Q), Ha”leP(Q) S)\}
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Let a; and as € B). If we choose a contraction method, we must prove that: there
exists a constant 6 €0, 1[ such that

[Tar —Tasl|lwirq) = ur — w2|lwir) <Ollar — azllwrr).  (75)
In order to estimate [[u1 —ua || w 1.0 (), We observe that for each k = 1,2, (u, m) €
W P(Q) x WL (Q) verifies:
—Awup+curlay xup,+Vr,=f in €,

divug = x in Q,
U, XM =gXn on I,
m =79 on I'g and 7 = 7y + ¢; only, i=1,...,1,

friuk'ndazo, i=1,...,1,
with the estimate:

lullwroe < CO+lleurlal g o) (Wl o ourr iy + Iollw 1-1mrce

£ lewrlal o) (xllwsro) + gl wvmsry)).

However, in order to estimate the difference u; — us, we have to reason differently.
We start with the problem verified by (w, 7) = (u; — w9, 1 — m2), which is the
following one:

—Au+curla; xu+Vr=—curla x us in Q,
divu =0 in Q,
uxn=0>0 on I,
T=20 on T,

fFiu-nda'zo, i=1,...,1,

where a = a1 — ay. Using the estimate made for the Oseen problem successively
for u and uo, we obtain that:

lwllwir < C(1+ [curl a1HL3/2(Q))(||curla X 2| gr(q))-

Then
lullwise < COU+ lleurlaypa ) leurlal g lluso @) (76)
< U1+ leurlaslps) (L + leurl as] 2 qy) leurl al gz
% (1Dl e, sy + I1T0llwr 1y + (1 + lleurd azll s o)
X (Ixllw @) + lgllw-1maqy) )

We set & = 717+ uet, ey + IT0llwrs-3ry a0l B = il oo
+ llgllw1-1/p.p(r)- Then, (76) becomes:

[ulwir@y < Ci1C%|allw s 1+ Cillaillw o)1+ Cillaz|wirq)) X

X (a+ B+ Cillazllwir@)) (77)
where C7 > 0 is such that
Yo € WP(Q), [eurlv||zs/2(q) < Cillvllw e (78)

Thus, we can (for instance) obtain estimate (75) if we consider r such that
C1C*(1+ CiA ) (a+ B(1+ C1N) < 1,
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that is verified, for example, taking:
A=l ((20102(a +8) 1) and a+ 8 < (20:C3)7L. (79)

Therefore, if (79) is verified, then the fixed point u* € W () satisfies the esti-
mate:

* * 2
[w*(lw ey < Cla+B)(1+ Cillu*lwir) (80)
i.e
[ w i) <27,

where z* is the smallest solution of the equation: x = ax?®+1 with a = CCy (a+ ),

2
i.e x* = ————— where we suppose that a < 1/4. Thus,

1++1—4a

4a

u” 2y < ——————=— </a, 81
which proves the point i) and the estimate (74).
ii) Uniqueness: We shall next prove uniqueness. Let us denote by (w1, 71) the
solution obtained in step i) and by (w2, m2) any other solution for (NMVSy) corre-

sponding to the same data. Setting u = u; — us and 7 = m — . We find
that:

—Au-+curlu; X u+Vr=—curlu X us in €,
divu =0 in Q,
uxn=0 on T, (82)
=0 on I,

Jpu-ndoe=0,i=1,...,1I.
Then,
[ullwp) < C(L+ [leurlug || g2 ) ([lcurl w x sl ), (83)

i.e as in step i):

ullw ey < (14 Cillutllwir@)Crlllwllw v lluallw e ) (84)
But, fori =1, 2

il w100y < C(1+ Cullwillw o)’ (a+ B), (85)
and then,

[will wrr ) < 49CCh, (86)
where 7 = [l oy + I @) + [l sy + 191w -1y we
obtain

|l w ey < CCT (14 4CTCH)4CCH|ul| w10 (q)- (87)

Then, if CC%(I + 4C%Cv)4CCw < 1, we deduce that v = 0 and the proof of
uniqueness is completed. O
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